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Abstract. We study the restriction on [0, 1] of harmonic functions on the
Sierpiniski gasket, proving they are singular functions whenever they are monotone.
We show that their derivatives are zero or infinity on certain non-denumerable sets.
Finally, we show they are among a wider class of functions that contains some
already known and studied functions.

1. Introduction

The history of singular functions, i.e. monotone increasing continuous
functions with zero derivatives on a set of measure one in the unit interval
I:=10,1], can be traced back to the end of the 18th century (see [8,30]). But
they won a new dimension with the publication of the celebrated Lebesgue’s
book [17] in 1904. In that year Minkowski [19], with the target to enumerate
the quadratic irrational numbers, gave an example of a function which is
known as Minkowski’s question mark function. In [13] the relation between
Minkowski’s representation system for reals and simple continuous fractions
is shown. Moreover, it is shown that it is a singular function. Different
aspects of this have been studied. For example, Viader et al. [21,29] showed
this function as the asymptotic distribution function of an enumeration of
the rationals in the unit interval I, and studied its derivative function.

Afterwards, another family of functions, namely {S,}, was simultane-
ously introduced by Césaro in 1906 and Hellinger in 1907. They have been
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HARMONIC ANALYSIS ON THE SIERPINSKI GASKET 59

studied from a wide variety of viewpoints (for example, geometric, arith-
metic, probabilistic), as can be seen in [1,6,15,22,27,28 32].

In 1956, De Rham [11] characterized these functions via a system of
functional equations:

1+ 2

(1) sa(f):asa(:z), sa< )z(l—a)Sa(:E)+a.

2

Applications for plastic deformation and in fuzzy logic can be found in
[4] and [2,18], respectively.
We can see the graphs of these functions in Fig. 1.

1 | 1 —
/ 4
r o
f
0.8 r 0.8 j"
J— |
J /
H !
0.5 r 0.5 s
! /
R
f -
0.4 f 0.4 /
. ' /
A p
1 v
o.2| [ 0.2 e
! y,
f /
i /
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
1 .
0.8
0.5 J
0.4
0.2

0.z 0.4 0.6 0.5 1
Fig. 1: Graphs of Cantor, Minkowski and S.15 functions
We find singular functions to relate representation number systems, in a
similar way to the Minkowski function in [5,20].

Under certain conditions, the Riesz products in the theory of trigono-
metric series are singular functions (see [34, p. 208]). Another field of math-
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ematical knowledge where singular functions play an important role is in
fractal sets. We find them as conjugating homeomorphisms (see [7, Ex. 4.6])

or Perron—Frobenius measures (see [14]).
Our target is to study another relation between singular functions and

fractal sets; we refer to harmonic functions on the Sierpinski gasket S. Let
us recall that the Sierpinski gasket S is a self-similar fractal object. It was
first studied in 1915 in [31], but representations of it can be found in art

from the Italian renaissance.
As is known, for a given equilateral triangle in the plane, with vertices

po =0, pr =1 and py = 1/2 +i/3/2, the set S is the unique compact in
C that is invariant under the contraction functions system {M, : C — C:
n =0,1,2}, given by

My(z) = z/2;
Mi(z) =1+ (2 —1)/2;
My(2) = 1/2+iV3/2+ (2 — 1/2 — iV/3/2) /2;

and, therefore, S = My(S) U M;(S) U M3(S). This self-similarity property
and differential equations on smooth sets, have been used to describe the mo-
tion of waves and dispersion (see for example [23,24,33]). This property has
been also used in the study of fractal interpolation (see [3,9]). Recall that
in this case S is a fractal set with Hausdorff and box dimensions In3/1n2.

Its representation can be seen in Fig. 2.

Fig. 2: Sierpinski gasket

The development of applications for sets of this type (modelling physical
processes given in nature) has given rise to new analytical techniques over
the last twenty years. The study of harmonic functions is a good example of
the modelling of such physical processes. An introduction to this field can

be found in [16].
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HARMONIC ANALYSIS ON THE SIERPINSKI GASKET 61

For the purposes of this study, we restrict ourselves to considering that
a function H is harmonic on S if for a given equilateral triangle in S with
vertices py, p}, ph, such that

H(py) =g, H(py) =), H(py) = ab,

then, for the middle points p{j = %, i = %, Py = @, we have
Hpp) = 2 F2AT200 gy 200F 01 8205
) )
200+ 2a) +
H(p;) = :

5

Therefore, for initial conditions on the vertices, we can obtain corresponding
values for the middle points on the sides. If we proceed by induction on the
interior triangles, then, by continuity arguments, it follows that, for a given
triplet of values, there exists one and only one harmonic function with given
“boundary values”.

NOTATION 1. Let «, 8, v be arbitrary real numbers. Let H, g, denote
the harmonic function such that Ha 5+(0) = a, Hog(1) =7, Hap~(1/2+
Z\/§/2) = . Its restriction to the unit interval I will be denoted by hq g -

As an example, we show the graphs of hg 11 and hg g1 in Fig. 3.

Fig. 3: Graphs of ho,1,1 (down) and ho,.9,1 (top)

The first results obtained for the restrictions of H on the sides of the
triangle of vertices pg, p1, p2 were given by Dalrymple et al. [10, Theorem 2].
Specifically, they obtained the following result.
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THEOREM 2 [10]. Let us arrange the sides of the triangle of vertices
Do, P1, P2, according to the values ‘H(pz) - H(pj)‘. By decreasing order, 1y
denotes the corresponding side to the longest number, lo denotes the side to
the intermediate one, and we name lg the shortest. Then, the function H
is monotone on ly and la, and there are two possibilities on l3: a) to be
monotone, or b) to have only one extreme.

Advances on those restrictions have recently been given by Demir
et al. [12]. They show that, for each triplet («,(,7), the function hq g
has a derivative at 1/3 of value zero. Moreover, they prove that it has a gen-
eralised derivative at 1/2 of value too. With the aid of the self-similarity
of S, and the specific way of building the harmonic functions, they find two
denumerable sets where the function has zero derivatives at each point of
the first set and infinity generalized derivative at each point of the second.

This paper is devoted to the study of harmonic functions defined on S
but considering their restrictions on I. In Section 2 we prove our main re-
sult, which is that the function h, g, does not admit non-zero derivatives.
As a consequence, when it is monotone, then it is a singular function. We
summarize this as follows.

THEOREM 3 (main result). The function ha g, is singular whenever it
18 monotone.

In Section 3, we further establish two non-denumerable sets where the
derivatives are, respectively, zero or infinity.

The last section is devoted to wider classes of functions containing the
one already studied, which are determined under some functional relations.
These classes have, as particular cases, the functions Sj.

2. Proof of the main result

We distinguish each one of the three different edges. From now on, un-
less we say another thing, we shall adapt the convention o < 8 < . Let us
note that the relation f,5(2) = fy,8(1 — ), and other similar, allow us
to reduce to this case.

2.1. The side l;. Let us suppose that the unit interval I is the side ;.
In this case we use F' and f to refer to F, g, as the harmonic function
and the corresponding harmonic function restriction on the side I is denoted
by fa,8~- The next result allows us the study to be reduced under the re-
strictions f(0) =0 and f(1) = 1. Therefore, the functions only depend on
the central parameter, and we will denote Fy g1 and fo g1 by Fjg and fg,
respectively.
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PROPOSITION 4. The following equality holds:
fa,B,'y =a+ (’7 - O‘)f:%z

Now, we establish functional relations among fz and the other elements
in the family. They will be the main tools used below.
PROPOSITION 5 (functional relations). For x € I and 8 € ]0,1],

@ 5(E)=rpe 5(5) =L w2

PrOOF. The function fz is obtained from Fj. In the triangle My(S) of
vertices 0, 1/2 and 1/4 +4+/3/4, the function takes the values Fj(0) = 0,

F(1/2) = M and Fg(1/4+iv3/4) = 2’8;1 and the method of construc-
tion is the same as for S. Therefore, fs(z) = fj 1120 2100 (22) for 0 Sz = 1/2.

Because f 1425 248 = 2§5f1+2s, we obtain the first of the relations.
) 5 75 243

The same is true for the interval [1/2, 1], but the relation is fais 2:26 ; =
# + % f_s_, with HT“’ for the righthand term in this second equation. [J
3-8

From Proposition 5 it follows that the graph of the map (z, 5) = f3(x)
is the attractor of an IFS on I? defined by the functional relations.

The interest of these functional relations lies in the fact that one can
calculate the values for fg on reals with dyadic finite representation and,
therefore, deduce an approximation by polygonals.

NOTATION 6. (i) ho(8) = 2525 hi(8) = 52, ro(8) = 5745 m(B) = 525
(ii) Bi(x) = Ta(T )(BZ 1(z )) Wlth Bo = B, where d and T are functions
given by

o
174N
8
174N

2x,

N —

d(z) := 1 T(z):= 1

THEOREM 7. The function fg does not admit non-zero derivatives.

PROOF. Let z €]0,1[. For k € Z*, we will look for the natural m satis-
fying
m+ 1
9ok

m
2k

<z <
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Let us study the quotient

L
2k

With the aid of the polygonals previously built, this quotient is equal to

k

XTI (1= d(T'(x)))ho(Bi(x)) + d(T'(z)) ha (Bi(x))).

i=1

If the sequence of these products converges to a non-zero real number, it is
necessary that

2(1—d(T"(x)))ho(Bi(x)) + 2d(T"(x)) ha(Bi(z)) — 1

if i — +o00. By definition of hj, the number

2(1 — d(TZ(a;)))ho(,Bl(x)) + 2d(T2(.T)) hl (61(.%))

is near 1 if and only if 5;(z) is near 1/2. But, if this is the case, then (;11(x)
is not near 1/2, and, as a consequence, there exists € > 0 such that, for all i,
at least one of the values

2(1—d(T"(x)))ho(Bi(x)) +2d(T"(x)) ha(Bi(x)),
2(1 — d(T2+1($)))h0(IBZ+1($)) + 2d(T1+1(I)) h1 (,BH_l(ﬂZ)) s

does not belong to |1 —¢e,1+¢[. In consequence, the above quotient does
not converge to any real number different from zero. [J

The following results are known and can be found in [6], [25, p. 11] and
26, p. 149).

LEMMA 8. Let r be a bounded variation function. Then, it is differen-
tiable for almost all x (with respect to the Lebesque measure).

LEMMA 9. Let us suppose that a function f has a (finite) derivative at
a point x. Then,

lim
u—x~, v—at u—"7

COROLLARY 10. The function fg is singular.
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PROOF. On the one hand, Lemma 9 implies that the derivative, if it
exists, has to be zero. On the other hand, this result, together with the fact
that monotone functions have derivatives on a set of full measure, proves
that the function fj is differentiable on a set of measure 1, and its derivative
vanishes. [J

2.2. The side l5. If the unit interval I is the side lo, then we will use
letters G, g and g*. We distinguish two cases.

Case a: the harmonic function is of type Gg o, with vy — 82 8 —a. If
B = 1/2, then the restriction of Gg g is denoted as ggo1 by gs.

We can restrict our study to these functions as it is exposed by the next
result.

PropPOSITION 11. The following equality holds:

9Bany =+ (7 — )gs-a.

y—a

Now we establish functional relations among gz and the other elements
in the family.

PROPOSITION 12 (functional relations). In the case where 8 < 1/2, the
unit interval I is ls, and then

" 22 ), i <13
98 (3) =
Q Wl doae), i 1/3 <6,
1 3 — 2
0 (57) = 5 0 04

where the functions f, are those introduced in the preceding subsection.

Case b: the harmonic function is in the form G, - g, with v — 3 < § —a.
If 3> 1/2, then we denote g, 5 by g5.

ProprosiTION 13. With the above notation,

Jonp =+ (V= a)gia.

v

Now, we establish functional relations among gj and the other elements
in the family. They are the main tools we use below.
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PROPOSITION 14 (functional relations). If 5 > 1/2, the unit interval 1
corresponds to ly, and, in this case,

2
5(2) - 2200
@ l+w : 4::,26 + 365_ 1J‘S;ﬂ(fﬂ) if 8>2/3,
gE( 2 > V2841 1
\ ﬁ; +gg§,871(x> if 2/3 > B.

With the help of these relations, and applying the same arguments as in
the previous case, we can prove the following result.

THEOREM 15. The functions gz and g;g are singular, and they do not

admit non-zero derivatives.

2.3. The side l3g. Let ussuppose that v — 3 > 8 —«. Then, the behav-
ior of the harmonic function H, - g on the side I3 is similar to the behavior

of Hy 1 3 under the condition 8 < 1. The function Hy 14 takes the values

Ho15(0)=0; Ho1p(1/2+iV3/2) =1; Hoas(1) =B,

Ho,1,5(1/4+i\/§/4) = y; H0,1,5(3/4+i\/§/4) _ 24-525;
Ho1,5(1/2) = 1225.

This implies that if x € [0,1/2], then Ho1 g(x) = Hj 26 2001 (22); that is,

5

the behavior of the function Hy 1 4 in [0,1/2] is similar to the behavior of a
harmonic function in the side 5.

On the other hand, if « € [1/2,1], then Hy; g(z) = H%7%’5(2x —1).
Now, the behavior of the function Hy; g in [1/2,1] is similar to the behavior
of a harmonic function in the side l3. If we repeat the process, then we obtain
a denumerable division of the unit interval I with subintervals of lengths
1/2,1/22,... where the behavior of Hy1 g is similar to the behavior of a
harmonic function in the side 5.

Therefore, the harmonic function H, , g, on the side [3, inherits the prop-
erty of not having non-zero derivatives. Let us recall that in the side 3, the
function can miss monotonicity, having only one maximum in this case.

2.4. The degenerated case. After the study of the three cases be-
fore, we now consider functions where the relation a < g8 <~ fails. The
case o = 8 = +y trivializes. Therefore, we consider two cases, each with two
subcases.
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a) o= <.

a.1) The study of H,g, is equivalent to the study of Hyp;. We denote by
hgo1 its restriction to the unit interval I. This function decomposes into two
functions that are similar to fo1/52/5 and ga/51/5,1, such that the behavior
of hoo1 in I coincides with the respective behaviors of fq /5 9/5 in [0,1/2] and
of ga/5.1/5,1 In [1/2,1].

a.2) The case H,p is the same as Hpjp. Again, the decomposition in
the two subintervals [0,1/2] and [1/2,1] gives, respectively, an equivalent
function to fg2/5,1/5 and to f1/52/5,1-

b) a<f=r.

b.1) The study of Hg,, is similar to that of Hig;. In [0,1/2], the be-
haviour of hio; is similar to gy 3/54/5, and in [1/2,1] as g4/53/5,1-

b.2) The case of H,p, is analogous to that of Hpi1. The function hg1y
has the same behaviour in [1/2,1] that f3/54/5:. In [0,1/2], its behaviour is
like a replica of itself. Precisely, hoi1(x) = ho11(2x). Therefore, if we iterate
this idea in [1/27+1,1/2"], the behaviour of ho11 likes f3/5.4/5,1-

In summary, h,g, is a singular function in each case.

3. Properties in the side l; case

In light of the above results, it is of interest to find a set of points where
derivatives exist and are zero. Moreover, we will look for another set where
the function has infinity generalised derivative at each point. We now restrict
ourselves to the edge I;.

We should first remark on the behavior of the sequence

(1—d(T"(x)))ho(Bi(z)) +d(T"(x)) hi(Bi(x)).

Each term depends upon S and all d,(Tj (x)) with j < 7. Independently of 3,
we obtain the following bounds: if

d(T(z)) =d(T" Yx)) = =d(T"(x)) =1
d(T'(z)) =d(T" Yx)) = =d(T"*(z)) =0,
then
1/2 < (k) < (1 —d(T"(x)))ho(Bi(x)) +d(T"(x)) ha(Bi(x)) < 3/5,
with 0(k) — 3/5 for k — 4o0.

PROPOSITION 16. The set of points whose dyadic expansions are given
by chains of 0’s and 1’s of length k or k+ 1 (this k is found and fized during
the proof) is non-denumerable with fg having infinity generalised derivative
at each point.
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PROOF. With  large enough, if
d(T'(x)) =d(T" Y(x)) = =d(T"*(z)) = {

then,

ok+l 11 (1 =d(T(x)))ho(Bivj (@) +d(TH (2)) ha(Bivj(x)) ) > p > 1.

Let = be in the set of the statement. There exists C' such that if h > 0,
then we can choose numbers zj, = 57, xj), = £ satisfying that < x, < 2,

< z + h, with 2}, — z;, =2 Ch and

21,

flo+h) = () o f@h) = FGn) o Flh) = Flon) o

h h Ty — xp =

1\
1AV

Cp";

where n depends on x and h tends to infinity when h — 0.

The process is similar for negative h.

To show it is a non-denumerable set, it is enough to demonstrate that
the subset of its points starting with 0 is under bijection with the sequences
{an},cz+ With ag; € {s,t} and agjq1 € {u,v} (where {s,t} N {u,v} =0). O

REMARK 17. It is unnecessary for all the chains to be in this form: it
is enough for them to be so at the end; as we can observe in the proof, the
beginning chains have no influence.

It is not difficult to transfer this reasoning to the case d(T ’(x)) =0 for
all ¢ = m. This is the result in [12, Lemma 6] for the [; case.

PROPOSITION 18. The set of points whose dyadic expansion ends with a
chain of 10’s of length greater than s (determined during the proof), followed
by a chain of 100’s, is a non-denumerable set. The function fg has a zero
derivative at all these points.

PROOF. Let x be in such a set. There exists C' such that for each h > 0,

we can choose numbers xj, = %,xﬁl = k;l satisfying zp, S S o+ h S 2},
with z) — z), £ Ch and

)= fath) g (o) = 1h))

h xh —xp
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On these points,

Js(552) — Io(5) _ ﬁ [(1 = (Ti(wn) o (Bileen)

b2

+ d(Ti(zn)) b1 (Bi(zn)) }
The way the set has been defined requires an examination of the behavior of

[T ((1 = d(7(x)))2ho( Bi(w)) + d(T"(x)) 2k (Bi(2)) )

for chains of pairs of 10’s. Because 1’s and 0’s alternate, the same occurs for
2h1 and 2hg inside the product. The same is also true for rg and rq in the

definition of §;. If the length of the chain grows, then 5; — @ for the

values associated with 0 and converges to _Z)’JFT V13 for 1’s. For these values,
we have

2h1(5_T\/E> :2h0<_3+2\/ﬁ> = 1+5‘/ﬁ.

For the second couple in the form 10, both 2r¢ and 2r; are less than
u < 1, and for the last term in the final triple, 100, we can consider 2% as a

bound. Therefore, we can consider s such that ,us_22% =6 < 1. Then,

(CESCEINPYREERLAY

h Ty — xp

t

=2'[] [(1 — d(T(xn)))ho(Bi(xn)) + d(T;(xn)) hl(ﬁi(xh))] = 0(5™),

=1

where n depends on x and h, and n — oo if h — 0, and the quotient tends
to infinity when h — 0.

The same process works for negative h. The set is non-denumerable
because of its bijection with {s,s + 1,5 +2,... }N. O

REMARK 19. It is easy to see that these ideas can be used for the case
x =1/3 for all i = k. This is the result shown by [12, Theorem 7] in the case
of ll.

It is easy to check that the result is still true doing the substitution of 0’s
by 1’s and viceversa. (The last comment is necessary because the restriction
of the harmonic function to the side I3 may be not monotone.)
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PROPOSITION 20. The above proposition is still true for the sides ls
and l3.

PrOOF. The case for the side ls can be reduced to the above (for I7).
According to the functional relations in (3), if d(7T%(z)) = 0 and d(T" ! (z))
=1, we can find an interval containing x where the function is a replica of
one in the class of fg. Therefore, any property in the last two propositions
is true. The conditions d(7%(z)) =0 and d(T" !(z)) =1 are satisfied at
every point but the origin. Therefore, the statement is true.

Where the functional relations are those given by (4), a similar consid-
eration gives the same result.

With respect to I3, we have already called attention to the decomposition
through replicas of functions in the form of fg or gg; therefore, the result
follows. 0

THEOREM 21. If mg(B) := fg(x), then my is a continuous function.

ProoOF. If © = gr,m,(B) is determined, via functional relations, by
k steps. Its expression is rational in 3, with coefficients only depending
upon z. If 4’ tends to B, then m 5 (8') tends to mz (8), and for this z, the
function m, is continuous.

For arbitrary z, the inequalities

[ma(8) = ma(8)] = | f3(2) — fo@)| < |fa) = 13 (55|

=1 (5) =4 ()| + 1 (55) = @)
give the continuity of m,. U

THEOREM 22. The function m, is monotone increasing.

PROOF. For x = g5, monotonicity is a consequence of the respective of
ro, 1, and hg. By continuity arguments, we can deduce the result for the
rest of the cases. [

THEOREM 23. The function fg fills a region into the unit square whose
perimeter is given by graphs of singular functions.

PRrROOF. The function m, is continuous and monotone increasing and,
therefore, m,(]0,1[) is an interval. Let us denote

S(w) i= lim mq(8) = lim f().
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Taking limits in the functional relations (if 5 — 1),

5 (3) =25 rmn 0 (450) =25 e 0 2

5 248 2

we have a new system for S:

(%) =25 3(1;95) = 28w+

These functional equations are a particular case of those in (1). There-
fore, S coincides with S35 whose graph can be seen in Fig. 1.

In the same way, writing I(z) := limg_,o ms(f) = limg_,o f3(x), the equa-
tions that follow are:

I<£> _ gf%(x), I <1;$> = g[(:r)—l— %

These functional equations allow us to see that I is a function built by
replicas with different scales of fi on intervals of the form [2;—1?1, %]

O

The described region can be seen in grey color in Fig. 4.

1 -
A
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\',.
0.2 0.4 0.6 0.8 1

Fig. 4: The region in Theorem 23

4. Generalization

In the above proofs, we have often made use of the concrete definitions
and properties of the functions hg, hi, 19, and ri. It is possible to generalize
this family of functions to another with the same properties.
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LEMMA 24. Let continuous functions hg,ro,r1 : I — I be given, satisfy-
mng:

a) ho(I) C 10, 1],

b) if there exists B such that ho(8) = 1/2, then

ho(ro(B)) # 1/2 # ho(r1(B)) -

Then, there exists a family of continuous functions satisfying that fg(0) = 0;
fs(1) =1; and

15 (5) = 0@ ) I (5] = (1= 10(B) 9 0) + o5).

THEOREM 25. The functions fg are monotone, singular, and they do not
admit non-zero derivatives.

PROPOSITION 26. The function m4(B) := fg(x) is continuous.

ProPOSITION 27. If rg, T1, hg are monotone increasing, then my is
monotone as well.

ProrosSITION 28. If rg, r1, hg are monotone increasing and hg is not
constant, then fz(x) fills a surface that is surrounded by graphs of singular
functions.

4.1. Examples. We conclude by exhibiting two examples where our
exposition above works.

EXAMPLE 29. The case ro(8) = r1(5) = ho(8) = a # 1/2 corresponds to
functions S,.

ExaMpPLE 30. Let us imitate the way harmonic functions were gener-

ated. Now, we consider weights ag,a;, instead of %,% and %, satisfying
ap > a1 # 0 and 2a¢ + a1 = 1. Then we generate functions proceeding at the

middle points of the sides, with the equalities:
H(py) = a1 + apaly + apa,
H(pY]) = apay + a1a) + agal,
H(py) = apay + apad} + aras.

In these conditions, the restriction to I is a singular function of this type
where
asf + ai ~ (ap—a1)p

hO(/B) = a1/3+a27 TU(/B) = a15+a2, ™ - a1(1 _/8) :
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EMARK 31. In [27], the author generalizes the building of S,, and char-
zes the case when the functions are singular. In the case ro(5) = r1(5),

all the elements f3 in the family are members of those generalizations done
by Salem.
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