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Abstract 

To assist in the identification of fundamental-mode dispersion curves of Rayleigh waves in dispersion 

diagrams, we explore the relation between the shape of the horizontal-to-vertical spectral-ratio 

(HVSR) of ambient seismic noise and the shape of the dispersion curves for phase and group 

velocities in a stratified medium. We propose to use the information coming from the HVSR to 

identify the osculation zones and multi-mode effects and to locate inflection points and critical points 

in the observed phase and group dispersion diagrams of Rayleigh waves. The relationship between 

these curves has been numerically investigated for some models consisting of one and two 

homogeneous layers overlying a half-space, with velocities increasing downwards. It is primarily 

found that the first minimum in the HVSR appears close to the frequency of the inflection point of 

the fundamental mode of phase velocity. In addition, the osculation and multimode effects occur 

between frequencies of the fundamental peak and the first minimum of the HVSR. On the other hand, 
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the frequencies of the minima in HVSR closely approximate the critical points of the fundamental-

mode group-velocity dispersion curve, even better than the inflection points of the fundamental-mode 

phase-velocity curve. Finally, we show an example of experimental identification of fundamental-

mode phase and group dispersion curves supported by the shape of the HVSR, obtaining a reliable 

velocity profile through the simultaneous inversion of these three curves. 

1. Introduction 

In the last two decades, the ambient seismic noise (ASN) has been extensively used to obtain Rayleigh 

wave dispersion diagrams. The primary objective of these studies is to obtain S-wave velocity profiles 

and to evaluate site effects (see Xia et al., 1999; Bonnefoy-Claudet et al., 2006; Foti et al., 2011). 

Different geophysical methods are allowing the retrieval of dispersion curves using ASN signals, 

among which the most important are the following: 1.- Spatial Autocorrelation (SPAC, Aki, 1957; 

Köhler et al., 2007; García-Jerez et al., 2008); 2.- frequency-wavenumber analysis (FK, Capon, 1969; 

Ohori et al., 2002); 3.- passive Multichannel Analysis of Surface Waves (MASW, Dai et al., 2019, 

Coelho et al., 2018, Mi et al., 2017); 4.- Refraction Microtremor (ReMi, Louie, 2001). 

Dispersion curves picking in frequency-velocity or equivalent diagrams is generally made manually, 

identifying high energy bands with segments of dispersion curves of a particular mode. Thus, 

interpretation errors can be made with some probability. In methods such as the SPAC or with limited 

array setups, only an effective phase velocity dispersion curve can be usually picked, probably as a 

combination of several Rayleigh wave modes (Tokimatsu et al., 1992; Zhang, 2011). The transition 

between different modes can even contain leaky waves which cannot be interpreted in terms of normal 

Rayleigh-wave modes (Gao et al., 2014; García-Jerez & Sánchez-Sesma, 2015). When the 

propagation medium has a high impedance contrast or low velocity zones (Mi et al., 2018), the 

effective phase-velocity dispersion curve of Rayleigh and Love waves often shows jumps due to mode 

osculation effects and/or significant contributions of higher modes (Tokimatsu et al., 1992; Ikeda et 

al., 2012; Pan et al., 2013; Gao et al., 2016). This multi-mode effects can even be due to the directional 

contribution of noise sources (Ma et al., 2016) or to the presence of surface topography which can 

strongly influence the energy distribution in a dispersion image at high frequency (Zeng et al., 2012; 

Ning et al., 2018). 
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When working with a limited number of stations, the lack of resolution in the dispersion diagram can 

make it difficult to separate the different modes (e.g. Lin et al., 2017), mainly when there are 

osculation effects. Incorrect identification of the modes will usually lead to an overestimation of S-

wave velocities and errors in depths during the inversion (Zhang & Chang, 2009; Gao et al., 2016). 

Separation of higher-mode dispersion curves from the fundamental-mode group velocity gets even 

more complicated due to the existence of crossings between different modes at different frequencies 

(see e.g. Baena-Rivera et al., 2016). However, when a correct identification of fundamental mode and 

higher modes is made, for phase and group velocities, the incorporation of higher modes in an 

inversion process allows to get better information about the velocity profile, increasing the depth of 

investigation and the resolution of the model (Maraschini et al., 2010). 

Different studies have tried to mitigate the problem of mode identification. Tokimatsu et al. (1992) 

discussed the effects of multiple modes on Rayleigh wave dispersion curves to reduce the non-

uniqueness of shear wave velocity profiles, proposing the definition of effective dispersion curves 

that appear as a combination of modal curves. Lunedei & Albarello (2009) found an expression for 

the effective dispersion curves as a function of the modal phase-velocity dispersion curves. This 

equation has been used by Farrugia et al. (2016) to obtain velocity profiles with effective dispersion 

curves. Moreover, Lai et al. (2014) and Astaneh & Guddati (2016) presented explicit mathematical 

derivations for different definitions of the effective phase velocity of Rayleigh waves in an isotropic 

elastic horizontally layered medium, based on analytical derivatives. These formulae can lead to the 

development of a new class of inversion algorithms capable of considering the influence of all modes 

of Rayleigh wave propagation. 

Amplitude ratios, subsoil conditions and analysis of particle motion can help in modal separation. 

Boaga et al. (2013) examined the subsoil conditions and the common field acquisition procedures 

that can generate osculation effects in the Rayleigh wave dispersion curves. These osculation effects 

are linked to the Rayleigh wave ellipticity. These authors show a priori markers of subsoil conditions 

that can act as warnings against the osculation effects and relate these signs with those frequencies at 

which dispersion curves can be misidentified. Rivet et al. (2015) proposed to use the horizontal-to-

vertical spectral-ratio (HVSR) from records of ASN for the identification of higher modes. They 
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independently inverted the dispersion curves assuming that they corresponded to (1) the fundamental 

mode and (2) the first higher mode. Afterward, they computed the theoretical HVSR for the obtained 

models and compared them with the observed HVSR, allowing the identification of the excitation 

mode. 

In contrast, Ma et al. (2016) used the approach proposed by Tokimatsu et al. (1992) to distinguish the 

fundamental-mode excitation from the higher modes, observing the particle motion for Rayleigh 

waves in a period range of 1-10 sec. Besides, these authors found that the cut-off frequency of the 

first higher mode is controlled by the depth of the basement and coincides with the rapid decrement 

of the HVSR of the fundamental mode (ellipticity). Maranò et al. (2017) have succeeded in recovering 

the ellipticity of Rayleigh waves from records of ASN. They indicated that the phase angle of the 

ellipticity can be valuable information for mode separation. The ellipticity angle allows to accurately 

find the frequency of its singularities, which in turn correspond to a change in the direction of the 

particle motion from retrograde to retrograde or vice versa. Boué et al. (2016) also analyzed the 

particle motion in cross-correlations (CC) between pairs of stations to distinguish between 

fundamental- and higher-mode dispersion curves considering these differences in the motion 

direction. 

More recently, Mi et al. (2019) proposed the separation of higher and fundamental modes of Rayleigh 

waves in the frequency - phase velocity (f-v) domain through the high-resolution linear Radon 

transformation. They also calculated the HVSR of Rayleigh waves for the fundamental mode from 

active seismic records. Finally, Maraschini et al. (2010) proposed a method to invert Rayleigh wave 

data in which the misfit function is a norm of the Thomson-Haskell matrix determinant evaluated at 

experimental dispersion data. The main advantage is the possibility of considering several modes 

simultaneously, without specifying to which mode each velocity belongs.  

On the other hand, the HVSR is the simplest and the prevalent method to obtain the dominant 

frequency of the site by processing ASN recorded by a single station (e.g. Nakamura, 1989; Lermo 

& Chávez-García, 1993). Theoretical efforts have been carried out to find out the connection between 

this observable and the vertical distribution of elastic properties (e.g. Arai & Tokimatsu, 2004; 

Kawase et al., 2011). Modelling ASN as a diffuse field has shown excellent results (e.g. Sánchez-
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Sesma et al., 2011; Spica et al., 2015; Lontsi et al., 2015). Actually, joint inversion of the HVSR and 

the fundamental and/or higher modes dispersion curves is a powerful and relatively simple scheme 

that mitigates trade-off issues between model parameters (e.g. Piña-Flores et al., 2017; Sivaram et 

al., 2018; García-Jerez et al., 2019). 

In this work, we first explore the relationships between the dispersion curves of Rayleigh waves and 

the HVSR calculated under the diffuse field approach (DFA). Using two simple models with varying 

parameters, we show that the shape of the observed HVSR allows us to identify the dispersion curves 

of fundamental-mode Rayleigh waves preventing the contamination by higher modes. An application 

to array measurements performed at the Andarax river delta (Almeria, Spain) is presented. ASN data 

recorded by pentagonal arrays were analyzed by using the SPAC, FK and the cross-correlations 

between pairs of receivers. We took advantage of the characteristics of the HVSR to pick reliable 

phase and group dispersion curves of fundamental-mode Rayleigh waves. A joint inversion of these 

curves under the DFA led to an improved velocity profile for this site. Finally, forward computations 

show that some of the information in the SPAC, FK and CC dispersion diagrams corresponds to 

higher modes. 

2. Theory of the horizontal-to-vertical spectral ratio (HVSR) 

It has been established that the HVSR, defined as the square root of the ratio between the horizontal 

and the vertical power spectral densities in a diffuse field, can be expressed in terms of the imaginary 

parts of the Fourier-transformed Green functions for coinciding source and receiver (Sánchez-Sesma 

et al., 2011). In particular, this quantity can be expressed in term of the imaginary part of the Green’s 

function components as: 

H/V(𝒙,𝜔) = √
Im[𝐺11(𝒙, 𝒙; 𝜔)] + Im[𝐺22(𝒙, 𝒙; 𝜔)]

Im[𝐺33(𝒙, 𝒙; 𝜔)]
. (1) 

where Im[𝐺11(𝒙, 𝒙; 𝜔)] is the imaginary part of the Green function and 𝐺11(𝒙, 𝒙;𝜔) is the 

displacement at x in direction 1 produced by a unit harmonic load acting at x in direction 1. The 

subscript 1 and 2 refer to horizontal, and 3 to vertical degrees of freedom, and 𝜔 stands for circular 
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frequency. Eq. (1) gives the way to compute the HVSR theoretically, assuming that the wavefield can 

be approached by a diffuse field. In this expression, the Green function components are associated 

with the geometry and the elastodynamic properties of the ground. In this work, a layered halfspace 

with unbounded horizontal interfaces is considered. The top surface is a free surface and the media 

are assumed homogeneous, isotropic and elastic, with P and S wave velocities αi and βi, mass density 

ρi and thickness hi for layer i. Further details about the efficient computation of HVSR are described 

in García-Jerez et al. (2016). 

3.- Relationship between dispersion curves and HVSR 

The theoretical relationship between the dispersion curve and the HVSR comes from the calculation 

of the imaginary part of the main diagonal of the Green’s tensor under a diffuse field approach.  These 

quantities can be expressed, for a given frequency, as integrals on the horizontal (radial) wavenumber 

k. The kernels in the (k, ω) domain can be extended to the complex k-plane. Since surface waves 

correspond to simple poles along the real-k axis, their contributions to the integrals can be computed 

from the Cauchy’s residue theorem. As shown in García-Jerez et al. (2016), the expressions for the 

imaginary part of the Green’s function, in the special case of source and receiver coinciding at the top 

of the layered media, can be written in a very compact form: 
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where 𝑓𝑃𝑆𝑉
𝐻 (𝑘), 𝑓𝑃𝑆𝑉

𝑉 (𝑘) and 𝑓𝑆𝐻(𝑘) are the kernels associated to the body waves in 3-D, 𝜒𝑚  is the 
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ellipticity of the mth Rayleigh mode, and 𝐴𝑅𝑚 and 𝐴𝐿𝑚 correspond to the medium responses for the 

mth Rayleigh and Love modes, respectively (Harkrider, 1964). The analytical computation of 𝜒𝑚 , 

𝐴𝑅𝑚 and 𝐴𝐿𝑚 requires the precise location of the poles along the real k-axis. These positions can be 

evaluated rapidly as they correspond to the values of the km(ω) representation of the dispersion curves 

at a given frequency (see e.g. Piña-Flores et al. 2016). In summary, under the DFA, the HVSR 

contains implicit information on the fundamental- and higher-modes phase velocity dispersion 

curves. 

The examination of two example models listed in Table 1 will provide insight into the relationship 

between the Rayleigh wave dispersion curves and the shape of the HVSR. Model 1 consists of a layer 

overlaying a stiffer half-space, while two layers with two significant impedance contrasts are 

considered for model 2. Velocity increases downwards and impedance contrasts between the layers 

are high enough to exemplify the osculation effect between the fundamental mode and the first higher 

mode. Rayleigh wave dispersion curves for model 1 are shown in figure 1 for the fundamental and 

the first higher mode and for both phase and group velocities, along with the theoretical HVSR 

computed under the DFA. 

Table 1. Example models used in this work. 
 

h (m) α(m/s) β(m/s) ρ(kg/m3) 

Model 1 

25 663 200 1700 

∞ 866 500 2200 

Model 2 

15 2000 380 1600 

350 2300 850 1800 

∞ 3500 2000 2500 
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Two characteristic frequencies can be identified in the HVSR. The first frequency corresponds to the 

main peak (approximately coincident with the fundamental resonance frequency of the S waves) and 

the second one corresponds to the absolute minimum (close to the fundamental resonance frequency 

of the P waves, see Piña-Flores et al., 2017). These two frequencies are often in the frequency band 

of interest for geotechnical studies, in particular, the peak frequency. Other important properties are 

the frequencies of the inflection points in the phase velocity dispersion curves (𝑓𝐼𝑛𝑓, points where the 

concavity of the dispersion curve changes) and the frequencies of the critical points in the group 

velocity curves (𝑓𝑐𝑟𝑖𝑡, points where the first derivative, respect to frequency 𝑓 vanishes), that is: 

𝑑2𝑐(𝑓𝐼𝑛𝑓)

𝑑𝑓2
= 0 and  

𝑑𝑈(𝑓𝑐𝑟𝑖𝑡)

𝑑𝑓
= 0, (3) 

where 
𝑑2𝑐(𝑓)

𝑑𝑓2
 is second derivative of phase velocity dispersion curve and 

𝑑𝑈(𝑓)

𝑑𝑓
 is the first derivative 

of the group velocity. 
𝑑3𝑐(𝑓𝐼𝑛𝑓)

𝑑𝑓3
≠ 0 has been assumed. 

 

Figure 1: HVSR (continuous black line) and dispersion curves of Rayleigh waves for group velocity (red lines) 

and phase velocity (blue lines) computed for model 1. Small circles point to the critical points of the group 

velocity curves while the small squares show the inflection points of the phase velocity curves. The frequency 

of the inflection point and critical point, for the fundamental mode, are very close to the minimum of the 

HVSR. The frequencies where possible osculation effects exist are between the first maximum and the first 

minimum of the HVSR. 
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A first relationship between the inflection points of the phase velocity dispersion curves and the shape 

of the HVSR can be stated considering the frequency of the first minimum of the HVSR. This 

frequency is next to the frequency of the inflection point of the fundamental-mode dispersion curve. 

This same pattern can be observed for the first higher mode where the frequency of the inflection 

point is close to the second minimum of the HVSR. Another characteristic of the phase velocity 

dispersion curves is that they may have zones of osculation between modes. This osculation between 

the fundamental mode and the first higher mode is present between the frequencies of the main peak 

and the first minimum of the HVSR. 

The relationship between the HVSR and the group velocity dispersion curve is also evident. The 

frequency of the minimum in the HVSR is close to the frequency of the critical point of the dispersion 

curve, even with a higher degree of proximity in comparison with the inflection point. Additionally, 

the frequency of the first crossing between the fundamental mode and the first higher mode in group 

velocity is between the main peak and the first minimum. Besides, we can observe a critical point of 

the group velocity curve for the higher mode in this frequency range. 

Figure 2 shows the calculation of the fundamental mode and the first higher mode for phase and group 

velocity of Rayleigh waves for model 2, along with the HVSR. For this model, the HVSR shows two 

prominent peaks and two clear troughs. In the same way as the previous example, we can observe the 

mentioned behavior of the dispersion curves between the frequencies of the maximum and minimum 

for the two peak-trough pairs. That is, the frequencies where the HVSR presents these minima 

approximately correspond to the locations of inflection points in the phase velocity curve and of 

critical points in the group velocity curve, both for fundamental mode. 

The effects of osculation are present between the frequencies of the maximum and minimum of the 

HVSR. The group velocity dispersion curves present several crossings between the higher modes and 

the fundamental mode at different frequencies, making it difficult to distinguish the fundamental 

mode. In the analyzed models, at least a crossing between the fundamental and the first higher mode 

of group velocity appears between the maximum and minimum of the HVSR. 
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Figure 2: HVSR (black line) and dispersion curves of Rayleigh waves for group velocity (red lines) and phase 

velocity (blue lines) computed for model 2. The critical points of the group velocity curves are shown with 

circles, while the squares show the inflection points for the phase velocity curves. Frequencies of inflection 

points and critical points in the fundamental mode are next to the troughs of the HVSR. Possible osculation 

effects appear between the frequencies of the maximum and minimum of the HVSR.  

 

Figure 3 shows the dispersion curves of the fundamental mode for phase (panel b) and group (panel 

c) velocity of Rayleigh waves along with the HVSR (panel a) modifying the thickness of the surface 

layer in model 1 (from 10 up to 110 m). Figure 3d shows the frequencies of the critical and inflection 

points of the dispersion curves (in group and phase velocity, respectively) and the minima in the 

HVSR as a function of the thickness of the top layer. Note that the variation in thickness in this high-

contrast model does not modify the correspondence among the frequencies of critical, inflection 

points and troughs. 

Following with this parametric analysis, variations in the velocity contrast of model 1 have been also 

considered (Figure 4). To do so, several S-wave velocities of the surface layer, β1, have been taken 

from 150 to 450 m/s. The thickness has been also modified in order to keep β1/h constant (it 

approximately preserves the peak frequency of the HVSR).  The Poisson ratio of the layer (0.45) and 

the properties of the halfspace have been also kept constant. Figure 4d shows the evolution of the 

critical and inflection points in the dispersion curves (group and phase velocity, respectively) and of 
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the minima of HVSR as β1 varies. Note that the approximate coincidence in frequency between the 

critical point in U(f) and the trough in HVSR(f) persists. The frequencies of the inflection point in 

c(f) and of the minimum in HVSR(f) exhibit better correspondence for those models with high 

impedance contrast producing amplitudes higher than two at the main HVSR peak. 

 

 

Figure 3: Fundamental-mode dispersion curve for phase (panel b) and group (panel c) velocities of Rayleigh 

waves, and HVSR (panel a) obtained from model 1 modifying the thickness of the surface layer (from 10 to 110 

m). Red dots represent inflection and critical points of dispersion curves and minima of the HVSR. Panel d 

shows the frequencies of such points as a function of the layer thickness. 
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Figure 4: HVSR (panel a) and fundamental-mode dispersion curves for phase (panel b) and group (panel c) 

velocities of Rayleigh waves obtained from model 1 modifying the velocities and thickness of the upper layer.  β1 

ranged from 150 to 450 m/s; the Poisson ratio of the layer and the β1/h ratio are preserved. Red points represent 

inflection points in c(f), critical points in U(f) and minima in the HVSR(f). Panel d shows the variation of the 

frequencies of the mentioned points as β1 varies. 

4.- Application to experimental data in the Andarax river delta (Almería, Spain) 

In order to obtain a representative velocity profile for the Andarax river delta, ASN data were recorded 

using five sensors in pentagonal array configurations with radii of 12, 25, 50, 94 and 420 m.  

Identification of dispersion curves for the fundamental mode of Rayleigh waves was done by using 

the SPAC, FK and HVSR techniques using the Geopsy software (Wathelet et al., 2008, Köhler et al., 

2007, http://www.geopsy.org/, last accessed February 2017). The time windowing used for processing 

ranged from 40 s to 120 s long with a 50% overlapping between consecutive windows. Rayleigh-

wave group-velocity dispersion diagrams were also obtained from the CC between pairs of receivers 

using frequency-time analysis (FTAN, e.g. Bensen et al., 2007). The application of the SPAC, FK and 

CC techniques was carried out using ~2 hours of ASN records at array “A” site (Figure 5). Since 
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wind, poor thermal isolation, etc. can generate instability in the HVSR at low frequencies, an 8 h 

record from a nearby permanent broadband station properly installed in the campus of the University 

of Almería was used to calculate the HVSR. In this way, the curve was be safely extended below 0.2 

Hz to better show the shape of the main peak. For frequencies around and above the main peak, this 

spectral ratio does not differ significantly from those taken at the array site with portable 

seismometers. 

 

Figure 5: Location of array “A” measurements and HVSR station (UTM coordinates). 

Figure 6 shows the dispersion diagrams obtained and the HVSR for the study area. From the 

dispersion diagram derived from the SPAC technique (figure 6a) it is possible to observe a possible 

discontinuity or jump from the fundamental mode to the higher mode in the range from 0.6 to 0.8 Hz. 

In the range between 0.8 and 2 Hz the fundamental mode dispersion curve emerges clearly. In the 

frequency band between 1.72 and 4 Hz the phase velocity seems to increase as the frequency 

increases. This type of phenomenon can occur in two cases where: 1.-the medium has a low velocity 

zone (LVZ); 2. - higher modes are present (Tokimatsu et al., 1992). For the first case, the existence 

of an LVZ can be ruled out because the amplitude of curve of HVSR is not less than the unit in the 

entire range of observation frequencies (Castelaro & Mulargia, 2006) and, consequently, we associate 
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this effect to higher modes. Finally, in the range from 4 to 8 Hz, the dispersion diagram shows a part 

of the fundamental mode dispersion curve with severe contamination by higher modes that makes 

picking difficult.  

From another perspective, the dispersion diagram obtained from the FK technique (figure 6b) clearly 

shows the fundamental mode dispersion curve in the frequency range from 4 to 10 Hz (where its 

identification from SPAC technique was unclear). The bump in the frequency band from 1.5 to 3.8 

Hz can be associated with the presence of higher modes, as in the case of the dispersion diagram 

derived from SPAC. In the band between 0.5 and 1 Hz, this method provided poor resolution and the 

trend of the dispersion curve is unclear. On the other hand, in the dispersion diagram obtained from 

the CC technique (figure 6c) it is possible to observe the group-velocity dispersion curve in the 

frequency range between 0.7 and 7 Hz. In this case, the wide range of observation frequencies for the 

dispersion curve may be associated to a softer transition between different modes, which may show 

very close group velocities. Note that higher mode group velocity curves might cross each other, and 

even the fundamental mode. Finally, the HVSR (figure 6d) presents two main peaks at 0.38 and 2.5 

Hz and two minima at 0.79 and 5 Hz, respectively. Small oscillations that do not represent main peaks 

are observed in the frequency range between 0.8 and 2.5 Hz. 

As mentioned in the previous section, observation of the shape of the HVSR curve is handy for 

identifying the fundamental mode and those bands with possible osculation and multimode effects in 

the dispersion diagrams, which correspond to the frequencies between and around the main maxima 

and minima of the HVSR. The frequencies of the troughs in the HVSR (0.8 and 5 Hz in this case) 

indicate the proximity of inflection points in the phase dispersion curve. As mentioned above, the 

dispersion diagrams derived from FK and SPAC techniques exhibit well defined velocities in the 

range from 2.5 to 4 Hz which corresponds to energy of higher modes. In many cases, this effect causes 

an erroneous identification of the dispersion curve. However, the HVSR indicates that a multimode 

or osculation effect is expected in the frequency range between 0.38 (first peak) and 0.8 Hz (first 

trough) and between 2.5 (second peak) and 5 Hz (second trough). In the dispersion diagram computed 

from the CC technique, two critical points are observed at 0.8 and 5 Hz, corresponding with the  
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Figure 6: Dispersion diagrams and HVSR obtained at the Andarax river delta (figure 5).  a) Dispersion diagram 

(phase velocity) by applying the SPAC method. b) Dispersion diagram (phase velocity) applying the FK method. 

c) Dispersion diagram (group velocity) applying the CC method. d) HVSR. The solid black line in the dispersion 

diagrams shows the fundamental mode dispersion curve, picked considering the shape of the HVSR. The solid 

red line in the dispersion diagrams shows a possible alternative dispersion curve, picked according to the criteria 

of maximum energy bands (effective curve). The vertical black lines in all the panels represent the frequencies 

of the relevant maxima and minima of the HVSR which can be used for identification of possible inflection 

points, osculation zones and multimode effects in the dispersion diagrams. 
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minima of the HVSR. Instead, if only the criterion of maximum energy is taken, we can obtain an 

effective dispersion curve from the dispersion diagrams. An example of a possible effective curve is 

shown in figure 6ab (solid red line), presenting an inversion of phase velocities. The inversion of that 

curve as the fundamental mode would lead to an unreliable model with significant intermediate low-

velocity layers. 

Besides, the amplitude of the peaks in the HVSR is an indicator of the impedance contrasts between 

the corresponding layers of the medium, and hence of the expected trend of the dispersion curves. 

That is, the amplitude of the peaks in the HVSR increases as the slope of the fundamental-mode 

phase-velocity curve increases (in absolute value). As shown in figure 6d, the main peak at high 

frequencies (5 Hz) has an amplitude of 3.5 while the main peak at low frequencies (0.79 Hz) exhibits 

an amplitude of 5.5. Therefore, we can expect a sharper variation in phase velocity around 0.79 Hz. 

Once the dispersion curve was picked, a joint inversion of HVSR and dispersion curve was performed 

using the HV-Inv free software (https://w3.ual.es/GruposInv/hv-inv/, last accessed June 2018) to 

obtain a representative estimation of the velocity profile of the zone. Figure 7 shows the result of the 

inversion which exhibits an excellent agreement between the observed HVSR, phase-velocity and 

group-velocity dispersion curves and the theoretical counterparts in the whole frequency range. The 

joint inversion of these curves allowed to estimate the velocity structure at the test site in the mouth 

of Andarax river, defined by α and β velocity structures and ρ structure. Piña Flores et al. (2017) 

suggested that the minimum number of layers to consider for an HVSR inversion should be equal to 

the number of main peaks. Since three main peaks are visible on the HVSR here, a profile with three 

layers on top on a half-space has been considered. Table 2 lists the parameters of the model which 

best fitted the observations, which shows an estimated bedrock depth of 0.43 km with β of 1810 m/s. 

The depth of the basement agrees well with the results of independent geophysical studies carried out 

in the ’80 s by the Spanish Geological Survey (IGME, 1983). The theoretical dispersion curves for 

phase and group velocities of higher modes were calculated for the inverted model and incorporated 

in the experimental dispersion diagrams (see figure 8). This figure evidences that some high energy 

zones in dispersion diagrams correspond to higher modes. 
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Figure 7: Results from joint inversion at the test site in the mouth of the Andarax river. a) Target HVSR 

(black line) and theoretical HVSR for the best-fitting model (red line). b) Experimental phase-velocity 

dispersion curve (black line) and theoretical dispersion curve for the best fitting model (red line). c) 

Experimental group velocity dispersion curve (black line) and theoretical dispersion curve for the best fitting 

model (red line). d) Velocity and density profiles results from simultaneous inversion. The colored curves are 

associated with the trial models generated by the iterative inversion method. The bedrock depth is estimated 

from the best fitting model at 0.43 Km and agrees well with geophysical prospecting carried out by the 

Spanish Geological Survey (IGME 1983). 

 

Table 2. Best model inverted at the Andarax river test site. 

h (m) α(m/s) β(m/s) ρ(kg/m3) 

Proposed velocity profile 

12 828 270 1749 

26 1269 420 1538 

395 2705 662 2165 

∞ 3538 1810 2500 
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Figure 8: Dispersion diagrams shown in figure 6, including theoretical dispersion curves of several modes (solid 

and dashed red lines) calculated from the velocity profile obtained from joint inversion of the observed 

dispersion curves and the HVSR (solid black lines). The squares point to the critical points of the fundamental-

mode group-velocity dispersion curve, while the circles show the inflection points of the fundamental-mode 

phase-velocity dispersion curve. 

3. Conclusions 

In this work, we explore the relationship between the behavior of the group and phase velocity 

dispersion curves for the fundamental and first higher mode of Rayleigh waves and the HVSR 

interpreted under the diffuse field theory. The relationship between these two curves can be 

summarized in the following five points. 

1.-The inflection and critical points in the dispersion curves can be used as control points to 

distinguish the fundamental mode from the higher ones. This knowledge is of great help for the 

correct picking of phase and group Rayleigh-wave modes from the dispersion diagrams. 

2. For the fundamental mode, the frequencies of the inflection points in the phase-velocity dispersion 
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curve and of the critical points in the group-velocity curve are very close to the frequencies of the 

main troughs of the HVSR.  

3. The osculation effect between the fundamental mode and the first higher mode is located between 

the frequencies of the main peaks and the following minima of the HVSR. 

4.-The band with possible effect of multiple modes is located between the frequencies of the main 

peak and the subsequent minimum of the HVSR. 

5. The amplitude of the main peaks of the HVSR increases as the slope (in absolute value) of the 

phase-velocity dispersion curve increases. 

As an example, we used the HVSR to assist in the identification of fundamental mode phase and 

group velocity dispersion curves from dispersion diagrams in the Andarax river delta (SE Spain). A 

reliable velocity profile for the zone was obtained from joint inversion of these three curves. We 

propose to use information in the HVSR of ASN to identify the osculation zones, multi-mode effect, 

inflection points and critical points of the fundamental mode from the dispersion diagrams. This way 

of proceeding can be a very useful complementary tool along with other ways of mode identification. 

It allowed to obtain a representative velocity profile of the zone using joint inversion, aimed at 

obtaining a more accurate assessment of local site effects in the event of an earthquake. 
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