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Abstract

Mathematical systems theory and optimal control have been mostly developed in the context of
engineering. In this paper it is shown how these techniques can be applied in population
genetics. Based on the classical Fisher's selection model, first a very natural monitoring problem
is studied: Can the change of the genetic state of a population (described in terms of allele
frequencies) be uniquely recovered from the observation of the frequencies of certain
phenotypes? We give sufficient conditions for a positive answer to this question in a typical
case of heterosis (when mixed genotypes are better than the pure ones, implying stable
coexistence of all allele types). The second question is: How to effectively estimate the genetic
composition of the population from phenotypic observation? The answer is observer design,
which is carried out for two different dominance structures, determining the manifestation of the
genetic state. In a model of artificial selection we show how the population can be steered into
equilibrium where maximal mean fitness is attained. Finally, the application of the above
methodology is also extended to selection-mutation models, where both fitness parameters and
mutation rates are controlled.
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1. Introduction

In the applications of mathematical systems theory the reconstruction of the state process from
available measurements is an important issue for several reasons. E.g. the observation of certain
state variables may be difficult, impossible or too expensive. Then, for the monitoring of the
state process, we can observe only a transform of it. Observability of a system means that, from
this observation, in principle, the original state process can be recovered in a unique way.
Motivated by requirements of engineering, in terms of a matrix rank, a necessary and sufficient
condition for observability of linear systems was obtained in Kalman et al. [1]. The sufficient
part of this condition was then generalized to nonlinear systems in Lee and Markus [2]. The
latter sufficient condition already could be applied to density-dependent population systems,
since the models describing them are typically nonlinear, see e.g. in Lopez et al. [3,4].

The observation (or monitoring) of the time-dependent genetic composition of a population is
an important issue. Applying tools of mathematical systems theory, our objective is to recover
the genetic state from phenotypic observation, in the framework of a dynamic model describing
the change of the genetic composition of a population. (In static situation, in Garay and Garay
[5] biological conditions were given for the allele frequency vector - phenotype frequency
vector correspondence to be one-to-one.) This is motivated by the fact that, usually, it is easier
or more economic to observe the phenotypic state of a population than its underlying genetic
state. In this sense, in Lopez et al. [6], a similar problem was studied, but considering the so-
called strategic model, where the state of the population is the allelic frequency vector in the
zygote population, the phenotype of a zygote means a behavior strategy uniquely determined by
its genotype, and an evolutionary game is played at phenotypic level. The difference between
this model and Fisher's model we shall consider in this paper, is that the frequencies of the
different phenotypes can be calculated from the frequencies of the different genotypes according
to the dominance of alleles in the corresponding hereditary system, determining the
manifestation of the genetic state. Moreover, in the model of Fisher, a phenotype is not

necessarily a behavior type, it may also be a physical aspect of individuals.
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Observability of Fisher's Model of Natural Selection was considered in Varga [7], giving
sufficient condition guaranteeing that, observing phenotypic frequencies in function of time.
The underlying genetic state in terms of allele frequencies can be recovered. This result was
extended to a model with mutation in Lopez [8], Lopez et al. [9]. Later, applying the observer
design method of Mathematical Systems Theory, in addition to observability, the genetic
process has been effectively calculated from the observation of the mean phenotype. In the
present paper, in the framework of Fisher's Model of Natural Selection, we illustrate the
application of the general observer design methodology to different dominance structures with
different phenotypic observations, in order to recover the underlying genetic process.
Concerning controllability, as a model of artificial selection, in Varga [10], from Fisher's
equations, a control system was constructed and, in terms of the model parameters, sufficient
conditions were obtained for the system to be controllable to equilibrium, see also Lopez et al.
[11], where controllability of the population to a state with maximal mean fitness was
considered. In Scarelli and Varga [12], controllability of Fisher's model with mutation was
studied, where time-dependent mutation rates were considered as control functions, while in
Lopez et al. [9] the controllability of the same model was investigated with time-dependent
fitness parameters as control functions. This construction can be considered as a control-
theoretical model of artificial selection. We also emphasize that a developed methodology is
available for induced allele mutations, a quick reference is e.g. McClean [13].

In the present paper, as an illustration of application of this methodology, with a particular
choice of the genotype to be controlled, for Fisher’s selection model, we not only "theoretically"
state local controllability, but also effectively calculate the corresponding equilibrium control,
that is a control that steers nearby states to the equilibrium. On the one hand, we will consider
the control of fitness parameters, which is a model of traditional artificial selection. On the
other hand, we also address the control of mutation rates, which can be considered as a model
for artificial mutation used in genetic engineering.

In Section 2, we recall basic results on existence and stability of an equilibrium in Fisher's

selection model. In Section 3, observability of Fisher's model is studied in a particular case of
3
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heterosis (when mixed types are better than the pure ones), implying stable coexistence of all
allele types, with maternal inheritance. Section 4 is dedicated to the observer design for the
Fisher's model in two different dominance structures. In Section 5, for a given inheritance
pattern, we construct a control (selection strategy) that steers the system into equilibrium, where
maximal mean fitness is attained. In Sections 6 and 7 we extend the application of the above

methodology to selection-mutation processes of population genetics.

2. Description of model and existence of equilibrium
We shall consider a diploid panmictic Mendelian population with alleles Aj,...,A,, at an

autosomal locus. Assume that the diploid zygote individuals undergo a selection described in

terms of a fitness matrix We R"" with non-negative components, where, for each i, je 1,n, wy

is the Malthusian fitness value of an A;A; zygote (defined as the difference of the birth rate and
the death rate of A;A; individuals or the average number of offspring of a zygote of genotype
A;A;). Then, according to Fisher's classical model of natural selection, for the time-dependent

frequency x; of allele A;, we have
X = xl-[(Wx)l- —<x, Wx>] @i (:‘1,_}1) 2.1

where
w;(x) = (Wx); = zwijxj
=
is the potential (marginal) fitness of allele A;, and

n
w(x)= <x, Wx> = z WX X;
k=1
is the mean fitness of the population in state x . The biological interpretation of Fisher's model
is the following: if the potential fitness of A; is greater than the average fitness of the whole

population, then the frequency of A; will increase, in the contrary case it will decrease.

The state vector x of allele frequencies is an element of the standard simplex
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A, :{xeR”:xiZO(iel,_n),in:I}.

i=1

It is easy to see that the standard simplex A, — R” and its interior

inz{xeAn:xl.>O(iel,_n)}

o

are positively invariant for dynamics (2.1). A state x* € A, is called a polymorphic equilibrium

of the population if in this state all alleles have the same potential fitness, or equivalently,
wi(x)=w(x") (ieln).
Theorem 2.1. (See e.g. Varga [10]) Assume that the following regularity condition holds: W

is invertible; with 1=(1,...,1)" eR", <W_11, 1> #0 holds, and for

w1

—<W?11’ 1> : 2.2)

x*=

we have x* >0 . Then x” is the unique polymorphic equilibrium. If the matrix

P = (pij)(n—l)x(n—l)’ pg’j = Wg’j - Win - an + Wnn

is negative definite, then x" is globally asymptotically stable for system (2.1) on A,, and x* is

[

a global strict maximum point of wl|Aa. If Pis positive definite, then x* is unstable for

system (2.1), the state of the population "escapes" from the equilibrium x* with minimal mean

fitness.

3. Analysis of observability in a particular case of heterosis in the Fisher's model with
maternal inheritance

Consider the Mendelian population of Section 2. It is known that, if the hereditary system is
maternal, this population can display all possible phenotypic states, i.e. vectors of phenotypic
frequencies (Garay and Garay [5]). Suppose that the inheritance is maternal, and consider for

simplicity three alleles A;, A, and A;, where the genotypes A;A, and A;A; have the same

5
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phenotype Kl as A A;; the genotypes AyA; and A,A; have the same phenotype Kz as AyAy;
and the genotypes A;A; and A3A, have the same phenotype K3 as A;A;. Then, by the Hardy-

Weinberg law, for any allelic frequency vector x € A; of system (2.1), the corresponding

phenotypic frequencies are the following:

A, x12 + XX, +X,X3,
Ayt XX +X) 4 X3,
Ay XX+ XX, + X5
3.1. Existence and stability of a polymorphic equilibrium of the model

Let us consider the following, three-allele Fisher model

5 = xi|omo; —(w)] el ), (3.1)
where the fitness matrix is
1 l-a 1-p4
W=|l-«a 1 l-a|, (3.2)
-4 l-a 1

with parameters &, f € A= (—11)—{0}.
Now we discuss the stability properties of the corresponding Fisher selection equations, for
different parameter values of this fitness matrix. First fix &, € A, and check the regularity

condition for the calculation of the polymorphic equilibrium (see e.g. Varga [10]):

det W = B(4a —2a* — B) # 0 if and only if, 2a(2—a) # S,

(w'1.1)= /3(4aﬂ—_2 ‘;02‘ —; 70 ifandonly if 26(2-a) = £, B # da.
-1
wo ol [ e p-2a -a | (3.3)
(wL1) \p-4a’ f-da’ p-4a

which is positive if and only if,

either f—4a>0,-2a>0,a<0;0r f—-4a<0,-2a0<0,a>0.
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For the analysis of the stability of x~, we easily calculate the corresponding auxiliary matrix

P{M ﬂ},
f 2«

(see e.g. Varga [10]) whose principal minors are

26, p(4a—p).
Case A) Let a,f € A, and 4a < f<0. Obviously & <0 and therefore all off-diagonal

entries of the fitness matrix are greater than those of the principle diagonal, that is, we are in a
case of heterosis, all heterozygotes are fitter than any homozygote. From the principle minors

we obtain that in this case matrix P is negative definite, which implies that the polymorphic
equilibrium x" s (globally) asymptotically stable.

Case B) Let o, € A and 4a > f>0. In this case, all homozygotes are fitter than any
heterozygote. Now matrix P is positive definite, which implies that the polymorphic
equilibrium x" is unstable.

3.2. Observability

For the analysis of the observability of the model of the previous subsection, we consider the
parameter values where the polymorphic equilibrium x" exists and it is asymptotically stable,
that is, when «, S € A and

202-a)= p,f#4a,4a< <0,-2a0>0,a<0,

or equivalently, when

a,feAdand 2 < f<0.

Observation of the first phenotype

If we observe the first phenotype Kl , the observation function is defined by

y=h(x)= )cl2 + XX, +X,X; — ((xl* )+ xl*x; + xl*x;) . 3.4)
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(For technical reason the observed quantity is the deviation of the frequency of the first
phenotype Kl from its value at equilibrium.)
Now, we provide a sufficient condition for local observability of the system (3.1) with fitness

matrix W defined in (3.2). We recall that local observation in this case means that, near the

equilibrium, observing only the frequency of the first phenotype, in principle, the whole genetic
process (in terms of allele frequencies) can be recovered in a unique way (see Definition A.2 of
the Appendix).

Theorem 3.1. Suppose that

a,feAd,2a<pf<0,and a+#[. (3.5)
Then observation system (3.1)-(3.4) is locally observable at x* in A3 .

Proof. We will apply Theorem A.3 of Appendix with H = As. The tangent space of A3 at x"

is

ﬂ:{zeR3:Z3:zi=0},

i=1
and matrix C = A'(x") is given by
C=[xf+l X, xl]
For a symmetric matrix W = (w;),; , matrix L = f° '(x") = (Z;)3. is determined by

l; =x; (w; —2w(x")). (3.6)

For our case, W is defined in (3.2) and x" in (3.3). In order to check condition (A.3) of the

Appendix, suppose that zeT. N Ker Q. Then, Cz=0 implies z; =0. Hence we get

z, = —z5. Furthermore, CLz = 0 which gives

a(ﬂ —0()23 =0
p—4a '
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By condition (3.5), a# £, 2a< <0, also implying & <0 and therefore f—4a>0.
Furthermore, also by the definition of set 4 we have « # 0. Then all this implies z; =0, and
hence z=0. Applying Theorem A.3 of the Appendix, we obtain local observability of system

(3.1)-(3.4)at x* in Asz.

Remark 3.2. Note that if & = f#, we cannot guarantee local observability of system (3.1)-(3.4)

with fitness matrix (3.2), at equilibrium x" (defined in (3.3)), in A3.

Observation of the second phenotype
If we observe the second phenotype Kz , the observation function is

Y =h(x) =%, + x5 +x,0, — (60X +(x,)° +x,X;). (3.7
Now, we show that the sufficient condition of Theorem A.3 for local observability of system

cannot be applied to observation system (3.1)-(3.3), (3.7).
Now matrix C = /'(x") is given by
C:[x; x; +1 x;],
and the linearization matrix L is calculated by (3.6), with the corresponding coefficients of

fitness matrix defined in (3.2). In order to check condition (A.3) suppose that z € 7. N Ker Q.
Then Cz =0 implies z, =0. Hence we get z, =—z,. However, for our particular fitness
matrix we have CLz =0, and CL?z=0 for any values of @ and [, since in this model
xr = x; . Therefore, any z#0 verifying conditions z, =0 and z =-z; belongs to

1. " Ker Q, therefore conditions of Theorem A.3 are not satisfied.

Observation of the third phenotype

If we observe the third phenotype K3 , the observation function is

Y =h(x) = XX, + XX, + x5 — (6%, + X% +(x;)7). (3.8)

9
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Now matrix C =A'(x") is
Cz[x; X, X, +1].
Next, reasoning in analogous way to the proof of Theorem 3.1, it is easy to obtain the same
sufficient condition for local observability of the system (3.1) - (3.3), (3.8) with fitness matrix
W defined in (3.2):
Theorem 3.3. Suppose that
a,fed,2a<f<0,and a#[.

Then observation system (3.1)-(3.8) with fitness matrix defined in (3.2) is locally observable at

x"in As.
Remark 3.4. In this model when the equilibrium is asymptotically stable and the parameters of

model @ and [ are different, then observing the first or the third phenotype we can recover

the allelic state of the population from phenotypic observation.
Remark 3.5. When in this model we are in a case of heterosis where the fitness of all

heterozygotes is the same, that is, @ = f#, we cannot guarantee the local observability of the

model observing only one phenotype.

Remark 3.6. If we observe any two phenotypes in this population (then, of course, all
phenotype frequencies are known), and as we are in a case of maternal inheritance, the quadratic
function that maps allele distributions into phenotypic distributions is invertible (see Garay and
Garay [5]). Therefore, it is also possible to recover the allelic state of population, independently

from the dynamics.

4. Design of an observer system from phenotypic observation
In this section, for two different situations we shall see how to recover the genetic population
from the observation of one phenotype, by the construction of the so-called observer system

(see Section A.1 of Appendix).

10
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The observer we construct will not only approximate the solution of the original system, but in
case of observation of a single phenotype (i.e. in systems-theoretical terms we have a single-
output system), the solution of the observer is also a substitute of the latter in the sense that the
interior of the simplex is long-term invariant for the observer system. In other words, the values
z(¢) of the solution of the observer system, for ¢ large enough, can be interpreted as frequency
vectors.

Theorem 4.1. Considering dynamics (2.1) with a scalar-valued the observation function #4,

suppose that an interior equilibrium x* is asymptotically stable for system (2.1), for a matrix

K =(k;),; with k; eR, Zki =0 holds, and L — KC is Hurwitz (i.e. its eigenvalues have
i=1

negative real parts), where L = f'(x ) and C = A'(x ). Then

z=f(2)+K[y—h(2)] (4.1)

is a local exponential observer for the observation system (see Definition A.4 of the Appendix),

and for any solution of x of system (2.1) initially close enough to x*, A, is locally long-term

invariant for the observer system at equilibrium x". (The latter means that for z(0) from an

appropriate neighborhood of x* in A, , there exists a ty € R" such that z(f) € A, for all
te(t,,).
Proof. Under our conditions, from Sundarapandian’s theorem (Theorem A.7 of the Appendix),

it follows that (4.1) is an observer system for system (2.1) with observation function #.

Furthermore, by the asymptotic stability of x*, we can suppose that limx(r)=x". Let us sum the
t—o

coordinates of system (4.1):

!

(ZJ =2 1i@+ X k(v =h(2) =2 fi () + (h(x0) = h(2) 2k =0,

11
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implying ZZI. @®=1, if z z;(0)=1. Moreover, since lim(z(£) - x()) = 0 and

o

lim_ x = x" € A, there exists ¢, € R" such that z(¢) € A, forall ¢ € (¢,,).

Observation of one phenotype in the case of maternal inheritance

If we consider a population with 7 alleles and n phenotypes with a maternal hereditary system

and observe the /-th phenotype Kl of a population, then the observation function is

y:h(x):Zx,xj —Zx,*x; :Z(x,xj —x,*x;) . 4.2)
j=1 J=1 J=1

Example 4.2. To illustrate the design of an observer we consider the three-allele three-

phenotype model (3.1) of Section 3.1 with & =—0.5 and f =-0.25. It is easy to check that

x" =(0.2857,0.4286, 0.2857) is a positive asymptotically stable equilibrium for this system.

If the first phenotype is observed with observation function (3.4), then as conditions (3.5) are

verified, by Theorem 3.1, we have local observability of system (3.1)-(3.4) at x* in A3 .

Now we obtain the following linearization matrices:

C=[x+1 x x/|=[1.2857 0.2857 0.2857],

-0.4490 -0.3061 -0.3776
L=|-04592 -0.6735 -0.4592|.
-0.3776 —0.3061 -0.4490

In order to apply Theorem 4.1 we have chosen the following gain matrix satisfying the

condition of this theorem:

also obtaining with this choice that matrix L — KC has only eigenvalues with negative real

parts. Therefore the observer system for observation system (3.1)-(3.4) is

12
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2=z low2), = (2w |+ (K (o - W), G el3). (4.3)

o

At the same time, matrix K satisfies the conditions of Theorem 4.1, therefore A3 is locally
long-term invariant.

In order to show how the observer system approximately provides the solution of the original
system from the phenotypic observation, suppose that the initial condition for the original

system is X(0) = (0.25,0.35,0.4) and z(0) =(0.3,0.4,0.3) for the observer system (4.3). In

Figure 1, we can see how the solution of the observer system practically ends up in the solution

of the original system.

0.44 T T T T T T T

0.42

State Variahles
[
(0]
o

0.3z -
03 -
0.28 - u
0.26 -
024 | | | |
40 a0 B0 70 a0
Tirne

Fig. 1. Solution of the original system (3.1) and solution of the observer system (4.3) with initial

conditions x(0) =(0.25,0.35,0.4) and z(0) = (0.3, 0.4, 0.3), respectively

Example 4.3. We consider a single-locus three-allele, codominant inheritance pattern. Since the
most known example is ABO blood group system, we will us the same notation for the three

alleles: A, B and 0. A and B are dominant over 0, A and B are co-dominant. In other words, the
genotypes AA, A0 and OA have the same phenotype A; BB, B0 and 0B have the same

phenotype B, AB and 00 have the respective phenotypes ABand 0. According to the Hardy-

13
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Weinberg proportions, for any allele frequency vector x € A;, whose coordinates correspond to

frequencies of alleles A, B and 0, respectively, the corresponding phenotype frequencies are:

A xp+2xx,
B: x; +2x,X;,
AB: 2xx, ,

0 i,

We note that at population level these phenotype frequencies, i.e. the phenotypic process, and
the underlying genetic process may be interesting for healthcare studies. In fact, e.g., it is known
that the carriers of blood groups K, B, AB and 0 have different susceptibilities to certain

diseases such as certain malignant tumors, gastric ulcer or certain infectious diseases (see e.g.
Vogel and Motulsky [14]). Therefore, the genetic composition (the allele frequencies) of the

population, estimated from phenotype frequencies, may have implications for morbidity trends

in the population. Assume that the only phenotype we observe is 0. Then the observation

function is
y=h(x)=x5 —(x;)". (4.4)

Just for an illustration we consider the following simple fitness matrix:

I

Il
AW =
—_— W N

3
1
3
The corresponding polymorphic equilibrium x* = (0.4, 0.2, 0.4) is asymptotically stable, and

system (3.1)-(4.4) is locally observable in 33 (see Varga [7]). Therefore, in this model,
although the frequencies of alleles A, B and 0 are not directly observed, they can be
reconstructed by observing only the time-dependent frequency of phenotype 0.

Next we shall recover (estimate) the genetic process from this phenotypic observation by the
construction of the observer system. Moreover, similarly to Example 4.2, the solution of the

observer system not only approximates the solution of the original system but also is a kind of

14
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substitute of it, since according to Theorem 4.1, A3 is locally long-term invariant for the

observer system at equilibrium x", and therefore the solutions of the observer system can be
interpreted as time-dependent allele frequency vectors. The corresponding linearization

matrices are

=00 2x|=[0 0 0.8],

-1.68 -0.88 —-0.48
L=|-044 -0.84 -0.44|.
-048 -0.88 —1.68

The choice of gain matrix is

implying that L — KC is Hurwitz. Applying Theorem 4.1, the observer system is
Z; =z; [(Wz)l- —<z, Wz>]+(K(x§ —232)). (i(_—‘l,_?)) . 4.5)
1

In order to graphically illustrate how the solution of the observer system approximates the
solution of the original system, we consider an initial condition for the original system

x(0)=1(0.35,0.4,0.25) and z(0) =(0.45,0.35,0.2) for the observer system, see Figure 2.

15
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0.4

0.35

03

State Wariahles

0258

0.2
0 10 12 14 16 18 20

Time

Fig. 2. Solution of the original system (3.1) and solution of the observer system (4.5) with initial

conditions x(0) =(0.35, 0.4, 0.25) and z(0) =(0.45, 0.35, 0.2), respectively

5. Optimization of mean fitness of the population via artificial selection

In mathematical terms, an important implication of the Fisher’s Fundamental Theorem is that
during the infinite selection process the mean fitness of the population increases. A natural
population has the tendency to be in a state of maximum mean fitness. In our model of artificial
selection we want to control the population into the state of maximum mean fitness, controlling
the population by changing the fitness parameters of certain genotypes, realizing the artificial
selection in terms of controlling the number of offspring. Under appropriate conditions, this

state of maximum mean fitness is reached at an asymptotically stable polymorphic equilibrium

x". (If the polymorphic equilibrium is unstable, the state of the population “escapes” from the
equilibrium with minimal mean fitness.) In case of an asymptotically stable polymorphic
equilibrium, the latter is reached in "infinite time". In our model, instead, the genetic state can
be controlled to equilibrium (state of maximal mean fitness) in given finite time.

For an illustrative example we consider a population with three alleles A;, A, and A; at an

autosomal locus. It is logical to suppose that we cannot distinguish individuals of the same

16
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phenotype. Then for a concrete illustration we consider the same hereditary system used in
Lopez et al. [11]: We suppose that homozygotes have different phenotypes, A; is dominant over

A, and A;, while A, is dominant over As;. It is supposed that the fitness of homozygotes A3A; is
controlled (that is, a control term u € U_[0,T] is added to fitness wy;, see Section A.2 of
Appendix). For a general fitness matrix W, in Lopez et al. [11], in biological terms we obtained
a sufficient condition for the existence of an optimal artificial selection strategy: If genotypes

A Az and A,A; have different fitness values (w;; # w,5 ), then the system is locally controllable

o

to x* within A5, guaranteeing maximal mean fitness to the population if the conditions of

Theorem 2.1 are satisfied. For & small enough, A, is an (n - 1) -dimensional regular
submanifold positively invariant with respect to controls u e U, see (Varga [21]).

In this section, we shall provide an approximate numerical solution of the corresponding
optimal control problem, applying it to a concrete numerical example using a MatLab toolbox.

For & > 0, let us consider the corresponding optimal control problem:

J(w)=w(x(T)) > max, (5.1)
ueU,[0,T], (5.2)
i =x[(Wx),—<x,Wx>] (iel3), (5.3)
x(0)=x" € 33, (5.4)
where
w, W, Wi, *
W =lw, w, Wy, |, with u = ws;.

wy Wy, U +u(t)
Now, for a numerical solution of this problem using the MatLab toolbox of Banga et al. [15],
see also Hirmajer et al. [16], piecewise constant controls will be considered. The application of

these particular step functions is justified by the following theorem guaranteeing an appropriate

suboptimal solution among the piecewise constant controls corresponding to uniform division of
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the time interval. Therefore, in the presented numerical example the solution provided by the
toolbox will be considered the numerical solution of the optimal control problem (5.1)-(5.4).

Theorem 5.1. Assume that for a parameter choice, in addition to the conditions of Theorem
2.1, inequality w3 # w,3 also holds. Then, for every initial state x° close enough to x”, the
optimal control problem (5.1)-(5.4) has a solution «°. Furthermore, for any & > 0, this optimal
control problem admits a piecewise constant 0d-solution u® in the sense that
Ju®)-Jw’)<$s.

Proof. Since under the given conditions, the mean fitness attains a maximum at the equilibrium

x", and control system (5.3) is locally controllable, there exists a neighborhood G(x*) such

that, with x(0)=x" € G(x*) M A3, optimal control problem (5.1)-(5.4) has a solution
u’elU +[0,T]. From the proof of the sufficient condition for local controllability, Theorem

A.12 of the Appendix (see Varga [10]), it can be seen that u" can be also chosen from the class
C”[0,T7].

For fixed positive integer N, let ¢, =i-(T/N) (i€ O,_N) the uniform division of [0,7], and
let us define the set of piecewise controls as

Se[OaT]: USg,N[OaT]a

NeN

where

S, v[0,T1={ucU,[0,T]: u is constant on each interval (¢,_,,,) (i O,_N)} .

It is easy to see that set S,.[0,77] is dense in U_[0,T]. Therefore, from the continuous
dependence of the solution of system (5.3) on the control (Theorem A.9 of the Appendix), it
follows that for every & > 0 there exists u° € S.[0,T] with Ju®)-Jw’)<s.

For the numerical illustration, consider system (5.3) with the fitness matrix of Example 4.2

18
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Since wy; # W,; is verified, we can apply Theorem 5.1, and therefore the considered optimal
control problem has a numerical solution.

We have a polymorphic (i.e. positive) asymptotically stable equilibrium
x" =(0.2857, 0.4286,0.2857) for the system without control.

Our objective is to determine a control of system (5.3), that steers the system into equilibrium.
Fix time duration 7 =30, and take initial condition x° = (0.25, 0.35, 0.4) for system (5.3).
For the calculation of the corresponding solution, we apply the MatLab toolbox of Banga et al.
[15]. Figure 3 shows the corresponding solution x ending up at equilibrium x*, and in Figure 4
we show the obtained optimal control.

0.44 T T

0.42

0.4

0.33

0.36

0.34

State Variables

0.32

03

0.23

0.26

0.24 ; L
0

Tirne

Fig. 3. Optimal solution of control system (5.3) with initial condition x” = (0.25, 0.35, 0.4),
plotted for [0, 15]
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Fig. 4. Optimal control function of system (5.3), plotted for [0, 15]

Remark 5.2. If the hereditary system considered in this section were maternal, then in order to

intervene in the third phenotype we should control the fitness of all genotypes whose phenotype

is K3 , that is, we should add a control to wy; , w3, and wi;.

6. Observation in a selection-mutation model

In this section our systems-theoretical study will be extended to include mutation, as well. In
Loépez et al. [9] we have only shown that in certain selection-mutation systems, in principle, it
may be possible to uniquely recover the underlying population-genetic process from the
observation of phenotypes. In this section we present a method that makes it possible to
effectively calculate the genetic process from observed phenotype frequencies in selection-
mutation systems.

Starting from selection model (2.1), we suppose that there may be mutation from allele A; to

allele A; (symbolically A/—>A;) with mutation rate m;, for each ijel,n with i#, and in

addition we define

i = -Zj¢i Mmj; -
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Then, with the fitness matrix W of Section 2 and mutation matrix M = [m;;],., , the selection-
mutation process, in terms of allele frequencies, can be described by the following system of

differential equations:
X, =X [(Wx)i - <x, Wx>]+ (Mx), (iel,n). (6.1)

It is known that system (6.1) leaves invariant both the allele frequency simplex A, and its
interior A, , see e.g. Akin [17].

If in addition to the conditions of Theorem 2.1, assumption

MW'1=0 (6.2)
also holds then it is easy to see that x* defined in (2.2) for the case of pure selection, is also a
polymorphic equilibrium of the selection-mutation system (6.1).
Remark 6.1. It is easy to see that, whenever in the pure selection model (M=0) by linearization

asymptotic stability of equilibrium x” is obtained, in the case of weak selection (i.e. when all

entries of M are small enough), x* will be asymptotically stable for the selection-mutation

system (2.1), too.

Observability of the selection-mutation model with heterosis
For the analysis of the observability of model (6.1), we start from fitness matrix (3.2) of the

pure selection model:

1 l-a 1-8

W= 1 l-a|

l-a
-4 1-a 1
with parameters &, 8 € A = (—1,1) — {0} such that the polymorphic equilibrium x" exists and

is asymptotically stable, that is, we suppose a, f € A and
202-a)= ., f#4a,4a< f<0,-2a0>0,a<0;

or equivalently
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a,feAd and 2a < f<0.

Now, similarly to the pure selection model, from the observation of a phenotype frequency we
can try to reconstruct the underlying allele frequency process, when mutations also “perturb” the

selection process. Let us suppose that, considering the dominance relations described at the
beginning of Section 3, we observe the first phenotype Kl .Then the observation function is
defined by

Y =h(x)=x0 +x,x, + x5, — (%) + XX, +x,%x;). (6.3)
Theorem 6.2. Suppose that for the fitness parameters conditions (3.5) hold, and for the

mutation parameters we have
either m; <my, if a<pf, or m,>m, if a>pf. (6.4)

o

Then observation system (6.1)<(6.2) is locally observable at x* in A3. (We remind that

condition (6.2) implies the equilibrium x* of the pure selection model is also an equilibrium of
the selection-mutation dynamics (6.1).

Proof. In analogous way to the proof of Theorem 3.1, we will apply Theorem A.3 of Appendix

with H = As. The tangent space of A3 at x~ is

and matrix C = /'(x") is
C=le+1 x, xl*J
For a symmetric matrix W = (w; )53 , Jacobian L = f '(x) = (Z;)35 1s given by
I, =X, (w, = 2W(x"))+m,. 6.5)
For our W we have equilibrium x* in (3.3). In order to check condition (A.3) of the Appendix,
suppose that zeT.mnKerQ. Then, Cz=0 implies z =0. Hence we get z,=-z;.

Furthermore, CLz =0 which gives
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a(f—-a)z

b2z, (myy —my,)z, =0.
p—4a

By condition (6.4), and applying Theorem A.3 of the Appendix, it is easy to obtain local

observability of system (6.1)-(6.3).

We note that the observation of other phenotypes can be also handled with this methodology.

Observer design for the phenotypic observation in the selection-mutation model

Now we show how our methodology used in Section 4 can be extended to the case when, in
addition to selection, allele mutation is also present. The application of our Theorem 4.1 also
makes it possible to effectively recover the genetic process from phenotypic observation, as it
will be illustrated with the following example:

Example 6.3. To illustrate the design of an observer, we consider the three-allele three-
phenotype model (6.1) with the same selection parameters as in Example 4.2, ¢ =-0.5 and

S =-0.25. In that example, for the case of pure selection, we have calculated the asymptotically

stable polymorphic equilibrium x* = (0.2857,0.4286,0.2857) . Now let us consider model

(6.1) with mutation matrix

b »—% 9
f—-2a
-a
M=\b—-a -b a |. (6.6)
f-2a
a 0 —a

It is easy to check that, for 5> a> 0, we have MW '1=0, therefore x* is also a polymorphic

equilibrium for the selection-mutation dynamics (6.1). Furthermore, taking into account Remark

6.1, mutation parameters a, b can be chosen small enough to guarantee that x" is asymptotically

stable for the selection-mutation dynamics, too.

If the first phenotype is observed with observation function (6.3), then by conditions (6.4)

Theorem 6.2 implies local observability of system (6.1)-(6.3) at x~ in A3 .
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Now we obtain the following linearization matrices
C=[x+1 x x/|=[1.2857 0.2857 0.2857],

and for a=0.1;=0.2,

-0.65 -0.176667 —0.38
L=|-036 -0.803333 -0.36].
-0.28 -0.31 -0.55

The eigenvalues of the linearization matrix of the pure selection system are -1.26, -0.21, -0.07,
and mutation parameters @ =0.1;b=0.2 turn out to be small enough to guarantee negative
eigenvalues (-1.29, -0.44, -0.27) of the above matrix L, too (Cf. Remark 6.1).

In order to apply Theorem 4.1, we can choose the following gain matrix satisfying the condition

of this theorem:

It is easy to check that matrix L — KC has only eigenvalues with negative real parts. Therefore

the observer system for (6.1)-(6.3) is

z, = z|m2), = (z W) |+ (Mz), + (K (v - W), (Gel3). (6.7)

o

At the same time, matrix K satisfies the conditions of Theorem 4.1, therefore A3 is locally
long-term invariant for observer system (6.7).

In order to show how the observer system approximately provides the solution of the original
system from the phenotypic observation, suppose that the initial condition is

x(0) =(0.25,0.35,0.4) for the original system (6.1), and z(0)=(0.3,0.4,0.3) for the

observer system (6.7). In Figure 5 we can see how quickly the solution of the observer system

approximates the solution of the original system.
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Fig. 5. Solution of the observer system, approximating the allele frequency process

7. Artificial selection with controlled mutation

In earlier papers Scarelli and Varga [12], and Lopez et al. [9] we studied controllability by
selection and mutation separately, and in both cases we only proved the existence of appropriate
controls (artificial selection) that steer the population into a state of maximum mean fitness.
Nevertheless, there was no method given, how to calculate such controls. In this section we fill
this gap. Below we will show how the simultaneous artificial selection and induced mutation
can be modelled with a joint control system.

Let us suppose that, in principle, we can intervene to change the fitness of any genotype
ij el,n. To describe this, define functions R, :R™ — R™, with all entries equal to zero,

except that with indices i,j, which is 1, if genotype A;A; is artificially selected, and zero

otherwise. Now, in terms of matrix-valued function ;//(uW) = Zu;VR the modified fitness

i,j

i/' b

matrix is W +y (uW) . As for the control of mutation rates, we suppose that, for a given &, we

can control mutation of allele A;. (For artificial mutation technologies we refer to McClean

[13] and Zhang [18] ). Introducing controls u™"* = (ulM,ugl,...,uﬁl) , we define

®:R"'" 5> R™,
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_z;ﬂmﬂ . my +u, : m,
M
m,, . m,, +u2 . m,,
M’k o . . . . .
(I)(M ).— _z m _z I/lM . (71)
My . ek Jk ek T . m,
M _
omy, . m, +u, . Z_,-#, mjn_

Therefore, with the joint control u = (uW , uM’k) , the selection-mutation dynamics is

X, =X, [(Wx)l. - <x, Wx>]+ X, [(l//(uw )x), — <x, wu” )x>J+ (CD(uM’k )x)l. =F(x,u). (72)
Now, if to u = ((uW)*,(uM’k)*)z (0,0), there corresponds an equilibrium x°, i.e.
F (x*,u*) =0, and from our earlier result in Scarelli and Varga [12], we can conclude that
control dynamics (7.2) leaves invariant both the allele frequency simplex A, and its interior for

small controls.
For an illustration of the application of control model, we start from the three-allele Fisher

model with fitness matrix (3.2):

1 l-a 1-p4
-a 1 l-a|,
-f l-a 1

with parameters «, ff € (—1,0) satisfying 2a < . (We remind that the latter implies the

existence of a polymorphic equilibrium X", where mean fitness attains a strict maximum.).
Now on the one hand, as in Section 5, we will carry out an artificial selection intervening on the

fitness of homozygote A;A;. In the present formalism, this means that all matrices R are zero,

except

On the other hand, unlike Section 5, allele mutation is also controlled. Let the mutation matrix

be the same as in Section 6:
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-» b»—° 0
f—-2a
M=b-a -b—%_ 4,
f-2a
a 0 —-a

with b > a> 0. As we have seen in the previous section, the latter condition implies that x~ is a
polymorphic equilibrium for the zero-control selection-mutation dynamics. Let us assume that,
in addition to fitness ws3, we control the mutations A;—A, and A;—>A;, i.e. in (7.1) we set k=1.
Now the Jacobian L of the right-hand side of (7.2), with respect to x, is the same we calculated
in (6.5):

I = x;(mj —2w(x"))+ m; . (7.3)
Furthermore, as we easily calculate, the Jacobian of the right-hand side of (7.2) with respect to u

is

X (x3 )Z - X
= 2( )2 X 0
et o
In order to apply our Theorem A.12, we have to check if
rank[B|LB|L’B]=2.
In fact, it is easy to see that matrix [B | LB | L*B] has non-zero 2x2 minors. Furthermore, by a

sufficient condition for local controllability of systems without invariant manifold (see Lee and

Markus [2]),

rank[B|LB|L’B]=3
would imply that system (7.2) is locally controllable at x™ in A,, which contradicts to the

invariance of A, for small controls, under dynamics (7.2). Hence, applying Theorem A.12 of

the Appendix, we obtain the following controllability result:
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Theorem 7.1. If a,fe(-10), 2a<f and b>a>0, then with controlled fitness of

homozygote genotype As;A; and controlled mutations A;—A, and A;—A;, system (7.2) is

locally controllable into x* within in .

Remark. 7.2. We note that the theoretical background of Section 5 concerning optimization of
mean fitness can also be applied to the numerical realization of the control of the general
selection-mutation dynamics (7.2).

Example 7.3. For a numerical illustration let us consider the selection-mutation model
considered in Theorem 7.1, with the same parameters of Examples 4.2 and 6.3: a=-0.5,

L =-0.25, a=0.1,b=0.2. These parameters satisfy the conditions of Theorem 7.1, and the

equilibrium corresponding to the zero control  x" =(0.2857,0.4286,0.2857) is an
asymptotically stable polymorphic equilibrium for the selection-mutation dynamics (7.2), with

' = ("), @) )= (0.0). Now in (7.2) we have

1 1.5 1.25 -02-u) —u)"  0.1333 0
Wy )=|15 1 1.5 |, o™= 0.1+u -0.1333 0.1 | (74)
2
1.25 1.5 1+ul; 0.1+uy 0 -0.1

Then, from Theorem 7.1, we conclude that the population can be controlled into the equilibrium
in given time, at least from nearby states. Now, applying the MatLab toolbox of Banga et al.
[15], we will effectively calculate a control which, from a given initial state, steers the
population into equilibrium, minimizing the distance of the end point x(7) of the solution from
the equilibrium. To this end fix time duration 7 :=10 and take initial condition

x(0)=1(0.25,0.35,0.4) for system (7.2) detailed in (7.4). Figure 6 shows the solution x

corresponding to the optimal control, and in Figure 7 the optimal control is plotted. We remind

that this control at the same time also maximizes the mean fitness of the population.
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Fig. 6. Optimal solution of control system (7.2) with initial condition x(0) = (0.25, 0.35,0.4),
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Fig 7. Optimal control function of system (7.2), plotted for [0,10]

8. Discussion

The tools of mathematical systems theory turn out to be appropriate for monitoring and control
of genetic processes. In this context, the object of the study is not a given purely biological
situation, but two aspects of systems ‘“Biological object-Man”. Concerning monitoring (or

observation) problem, there are two basic questions. In our context, the first one is whether a
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population genetic process can be uniquely recovered from a corresponding phenotypic
observation. If this, in principle, is possible, the second question is how to effectively calculate
the allelic state process. In static situation, in Garay and Garay [5] biological conditions were
given for the allele frequency vector - phenotype frequency vector correspondence to be one-to-
one. In case of a partial observation of the phenotypic state, however, this invertibility does not
hold. In our paper, instead, the dynamic situation in many cases, biologically interpretable
algebraic conditions are given that guarantee the construction of an observer system, the
solution of which asymptotically estimates the genetic process from partial phenotypic
observation.

Both observation and control in the considered selection model needed a different theoretical
background from the case of density-dependent population models (as studied in earlier papers
of the authors, and also in some other publications, e.g. Guiro et al. [19] and Sundarapandian
[20], for recent reviews see Varga [21], Gamez [22] and Varga et al. [23]). Indeed,
mathematically, Fisher’s selection model is frequency-dependent, and the interior of the simplex
allelic frequencies is invariant under Fisher’s selection dynamics with small controls (small
changes in fitness parameters of certain genotypes), see Lopez [8]. Therefore, instead of the
classical linearization theorems concerning local controllability and local observability,
corresponding theorems for systems with invariant manifold were necessary, which have been
proved in Varga [7,10]. For the state estimation of selection processes in noisy environment, the
method of Edelmayer et al. [24] might be adapted. Furthermore, for the controllability of
discrete-time frequency-dependent models, probably Szigeti and Molnar [25] can be partly
extended to the nonlinear case, see also Szigeti et al. [26].

We have shown that the application of the observation and control methodology of selection
models can also be extended to selection-mutation models of population genetics. Of course,
even simply allele mutation patterns between existing alleles may substantially modify the
selection processes. Mutation however may also result in new alleles in the considered locus.
Our observation and control models, in the future might also be extended to this case, but then

the first arising population genetic issue would be whether the new allele will stably coexist
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with the resident ones. We emphasize that for the study of the effects of GMO technologies at
population genetic level, the introduced observation and control methodology may gain
importance in the future. For already existing artificial mutation technologies as genetic
engineering tools in breeding for resistance to the diseases of plants, see e.g. Zhang et al.[18].
Finally, we also comment on further possible applications of our methodological development
published in Varga [7,10], concerning observability and controllability of nonlinear systems
with invariant manifold. In fact, apart from the above discussed biological context, this
technique has already been successfully used for the study of chemical processes in Farkas [27-
28]. Observers for systems without invariant manifold can also be applied in different fields of
engineering. For instance, concerning solar heating systems, see Kicsiny and Varga [29-30]. For
observer design in a technically different state-space model, we can refer to quite recent issues
of the present journal: WeiYin Leong et al. [31] and Le Van Hien [32]. As a matter of fact, the
state estimation (i.e. observer design) technique, we used in the present paper, is very similar to
the so-called full-order state estimation of [32], but the underlying dynamic models are
different. Unlike our models, [31] and [32] use equations with time delay and probabilistic
system parameters. Both aspects would also be important for more realistic modelling of
biological interactions. In [32] discrete-time model is considered, while our present study is
based on a continuous-time dynamics. We note that the issue of discrete-time monitoring (i.e.
observation) in ecology has already been addressed in our recently appeared paper Gamez et al.
[33]. Since the models of [31] and [32] are linear, for their adaptation to population biology, a
substantial development would be necessary. In fact, most dynamic models of population
biology (in particular, models of population genetics considered in the present paper) are not
linear.
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Appendix

A.1. Local observability and observer of nonlinear observation systems with invariant manifold

Definition A.1. For given k € {1,2,...,n—1},aset H c R" is called a regular & -dimensional
sub-manifold if there exist an open set G = R" and a function ¢ € C'(G,R" ™) such that, for

all x € G and for the range of the derivative ¢'(x), we have Ry, = R" ™ and H =¢7'(0).

For a continuously differentiable function f: R" — R", we consider the differential equation
34
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X=fox, (A.1)
where o denotes the composition of functions (in traditional form x = f(x)).

Given a regular k -dimensional sub-manifold M < R", let x" €M be such that f (x)=0

(in other words, an equilibrium of system (A.1)), then there exists a neighborhood of x" and
T e R" such that any solution of (A.1) beginning at a point of this neighborhood is defined in
[0, 7.

For this appendix we suppose that M is locally positively invariant for system (A.1) at x , that
is, any solution of (A.1) beginning at a point of a neighborhood of xeM , remains in M.

For a given meN, let A:R" —R" be a continuously differentiable function with

sk
h(x ) =0, we define an observation system as

{Xzfox
(A2)

y=hex,
where y is called the observed function corresponding to the solution x .
Definition A.2. We shall say that observation system (A.2) is locally observable (in H) at x*;
if there exists & € R" satisfying the following conditions:

Given z' € H , with ‘zi —x*‘ <& (i € {1,2}), and

iy = f(@) (eel0,7])
X0 = Z (e{2))
h(x'(1)) = h(x*(t) (t€[0,T]),

then z' = z? (consequently x'(¢) = x%(¢) (t € [O,T]) ).

The local observability in H at x" means that if, instead of the solution, we can observe a
transformation of it then, from this observed function, we can recover the solution in a unique
way, provided the solution begins at a point of H near the given equilibrium x.

To formulate a sufficient condition which guarantees the local observability of system (A.2), we
linearize system (A.2) at the equilibrium,

35



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

L=f'(x"), C=H(x),
and define
C
CL
o= .
CLnfl
Now we recall a basic theorem proved by Varga [10], in which a sufficient condition is given

for local observability in "geometric" terms.

Theorem A.3. Suppose that

T.nKerQ =1{0}, (A.3)

where T is the tangent space to H at x . Then system (A.2) is locally observable.

Next, we recall the construction of an observer system that will be based on Sundarapandian
[34]. We present the standard definition of an observer adapted to the case of an observation

system (A.2) with invariant manifold.

Definition A.4. Given a continuously differentiable function G : R" x R” — R", system
z2=G(z,y) (A4)

is called a local asymptotic (respectively, exponential) observer for observation system (A.2) if

the composite system (A.2), (A.4) satisfies the following two requirements:

i) If x(0)e M, and x(0) = z(0), then x(¢) = z(¢), forall £>0.

i1) There exists a neighbourhood V of the equilibrium x" of R" such that for all
x(0), z(0) e V"M, the estimation error z(f)— x(¢f) decays asymptotically (respectively,
exponentially) to zero.

Theorem A.5. (Sundarapandian [35]). Suppose that system (A.1) is Lyapounov stable. Then, a

necessary and sufficient condition for observation system (A.2) to have a local exponential

observer is that the system is locally observable at x" .

Remark A.6. Below we will use only the "sufficient part" of this theorem.
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Theorem A.7. (Sundarapandian [34]). Suppose that the observation system (A.2) is Lyapunov

stable at equilibrium, and that there exists a matrix K such that matrix L — KC is Hurwitz (i.e.
its cigenvalues have negative real parts), where L= f'(x") and C=h'(x"). Then the

dynamic system defined by
z=f(2)+ K[y —h(2)]

is a local exponential observer for observation system (A.2).

A.2. Controllability of nonlinear control systems with invariant manifold

Given n,reN, let F:R"xR" — R" be a continuously differentiable function. For a

reference control value u” € R”, let x" € R” be such that F(x*, u")=0. For technical

reason we shall need a rather general class of controls. Let us fix a time interval [0,7'], and for

each &£ € R define the class of essentially bounded & -small controls

U,[10,T]= {u e L [0,T] | ||u(t)||0o <¢& for almost every te [O,T]}.

From Lee and Markus [2] we recall the following two theorems

Theorem A.8. There exists &, € R™ such that for all ueU 5l0,T] and x’ eR" with

on - x*H < &, the initial value problem
x(t)=F(x(?),u" +u(t)) (fora.e.t€[0,T]) (A.5)
x(0) = x° (A.6)

has a unique solution. We notice that x* is an equilibrium state for the zero-control system.

Theorem A.9. Let Q — R" be a compact set, and fix a 7 > 0. For any measurable function

(control) u :[0,7] — Q consider the system
%(¢) = F(x(¢),u” +u(f)) foralmostall ¢ €[0,T]. (A.7)
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a) Suppose that for a measurable control # :[0,7] — €, a solution X of (A.7) is defined on

the interval [0,7"]. Then there exists an &, > 0 with the following property: For all ¢ € (0,&,)

and measurable control u® :[0,7] — Q satisfying

u®@)—u (t)” < & except a set of measure

&, we have that any solution x, corresponding of system (A.7) with ||xg (0) —)?(O)” <& is
defined on [0,7'], moreover ||xg (t)— )?(t)” <& (t€[0,T]) holds.

b) With the conditions and notation of a), we have that x, — X uniformly on [0,7"], when
e—0.

Definition A.10. A regular k -dimensional sub-manifold H < R" is said to be locally

invariant for small controls, with respect to system (A.5)-(A.6) at x ", if there exists & €]0,&,]

such that x(0)e H,

x° —x*H <&y, ucU_[0,T] imply that for solution x of system (A.5)-

(A.6), we have x(1)e H (t<[0,T)).
Definition A.11. Suppose that H is as required in Definition A.10. System (A.5)-(A.6) is

called locally controllable into x* within H , if there existsa § >0 and a u € U_[0,T] such
that from any initial state x(0) € H with Hx(O) —x*H < 0, for solution x of (A.5)-(A.6) we
have x(T) =x".

Let us linearize system (A.5)-(A.6) around (x", u"), introducing the corresponding Jacobians

a * * a * *
L=—F(", , B=—F(x", )
. (x",u) ™ (x",u)

Then we have the following sufficient condition for local controllability:
Theorem A.12. (Varga [10])

If

mnk[B|AB|...|A”’1B] =k, (A4.8)

then system (A.5)-(A.6) is locally controllable into x™ within H .

38



