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Abstract: This paper is a contribution to the modeling—methodological development of the applica-
tion of mathematical systems theory in population biology. A discrete-time nonlinear Leslie-type
model is considered, where both the reproduction and survival rates decrease as the total popula-
tion size increases. In this context, the monitoring problem means that, from the observation of the
size of certain age classes as a function of time, we want to recover (estimate) the whole state process
(i.e., the time-dependent size of the rest of the classes). First, for the linearization approach, condi-
tions for the existence and asymptotic stability of a positive equilibrium are obtained, then the dis-
crete-time observer design method is applied to estimate an unknown state trajectory near the equi-
librium, where we could observe a single age class. It is also shown how the observer design can be
used to detect an unknown change in the environment that affects the population dynamics. The
environmental change is supposed to be generated by additional dynamics (exosystem). Now, the
Leslie-type model is extended with this exosystem, and the observer design is applied to this ex-
tended system. In this way, an estimation can be obtained for different (constant or periodic) envi-
ronmental changes as well.

Keywords: nonlinear Leslie-type model; observer design; environmental change

MSC: 92D25

1. Introduction

The study of monitoring in population systems with tools of mathematical systems
theory (MST) looks back to approximately three decades of history. A fundamental mon-
ograph on MST, dealing with basic concepts of controllability and observability, was au-
thored by Kalman et al. [1]. By population system, we mean either a) a single population
structured in some way, or b) a set of interacting populations. To our knowledge, Varga
[2] was the first to apply the concept of observation systems of MST in order to recover
the population genetic process from phenotypic observation. A recent continuation of this
line of research was shown by Gamez et al. [3]. Later on, this methodology was extended
to the monitoring problem of a multispecies community, where, from the observation of
certain species (indicators), we wanted to recover (estimate) the state process of the whole
community.

For the monitoring of different ecological systems using the observer design meth-
odology of Sundarapandian [4], observer systems have previously been constructed, e.g.,
in Gamez et al. [5,6]. In particular, in work by Lépez et al. [7], the monitoring of Lotka—
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Volterra population systems was discussed. A review paper on the different applications
of MST in population biology was authored by Varga [8], and somewhat more recent sur-
veys were published by Gamez [9] and Varga et al. [10]. In Lépez et al.’s work [11], by
applying a technique of signed digraphs, a new, general approach to the design of a robust
observer in continuous-time Lotka—Volterra models was proposed.

All the above references deal with classical continuous-time population models;
however, for obvious reasons, in population biology, for practical purposes, discrete-time
dynamics models should also be applied. First, in Gamez et al.’s work [12], a discrete-time
observer was constructed using the method of Sundarapandian [13].

In the present paper, as a continuation of the above line of research, we adopt the
latter observer design method to the monitoring of an age-structured population dynam-
ics model, further developing and extending the initiative commenced by G&dényné
Hajdu and Varga [14].

In dynamic population models, both the state and the time may be either discrete or
continuous. The classical matrix population models are discrete-state—discrete-time models,
where, from the present state, the next state can be obtained by a linear transform.

The use of matrix models to describe the dynamics of an age-structured population
goes back to Bernadelli [15], who explained the periodic behavior observed in certain in-
sect populations with a three-dimensional linear dynamic model. The classical discrete-
time linear model of an age-specific population growth was introduced by Leslie [16] and
further developed by Leslie [17].

We note that in matrix population models, both the state vector and the population
projection matrix (PPM, Caswell [18]) describing the linear state transform are non-nega-
tive; the dynamics model leaves the non-negative orthant invariant. This property is also
characteristic of the linear dynamics models used in economics (see, e.g., Farina and
Rinaldi [19]). Therefore, for the study of the asymptotic behavior of such models (includ-
ing the mathematical demography of human populations; see, e.g., Pianese et al. [20]), the
Perron— Frobenius theory of non-negative matrices was applied (see, e.g., Gantmacher
[21]), even in the discrete-state—continuous-time case (see, e.g., Varga [22]). Stochastic
variants of matrix population models (with environmental or life-cycle stochasticity), in-
volving Markov chains, are discussed in Caswell’s work [18], which is a comprehensive
monograph on matrix population models.

The classical discrete-time linear Leslie model of an age-structured population
growth, introduced by Leslie [16], would often lead to an unlimited growth, and such
behavior is obviously impossible in nature. There are different nonlinearities introduced
in the model, implying a more realistic, limited growth. For example, in fisheries, to this
end, a (nonlinear) recruitment function was introduced to describe the limited survival of
newborn individuals. One of the most popular recruitment functions was due to Beverton
and Holt [23] (for further recruitment functions, see Getz and Haight [24] and the recent
review by Sharma et al. [25]). We note that a variety of discrete-time density-dependent
matrix population models can be obtained by substituting different state dependencies in
the different entries of the PPM (see, e.g., Jensen [26]). Further density-dependent matrix
population models based on discrete logistic dynamics have been introduced by Liu and
Cohen [27]. For a recent overview of both density- and frequency-dependent matrix pop-
ulation models, we again refer to Caswell [18].

In addition to age-specific population models, stage-specific models have also been
developed. Since we would like to dedicate another study to the monitoring in stage-
structured models (using observer design), in addition to the classical model of Lefkovitch
[28], here we only refer to the very recent surveys by Logofet and Salguero-Gémez [29]
and Logofet and Ulanova [30] (see also Logofet and Klochkova [31]). Stage-specific mod-
els, however, may display structural properties needing different constructions for ob-
server design.
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In this study, we consider a nonlinear Leslie-type model, where both the reproduc-
tion and the survival rates decrease as the total population size increases (see, e.g., Svire-
zhev and Logofet [32] and Logofet [33]). In this context, the monitoring problem means
that from the observation of the size of certain age class(es) as a function of time, the whole
state process (i.e., the time-dependent size of the rest of the age classes) should be recov-
ered (estimated).

The motivation for the present study is the following: In the biological context, it of-
ten occurs that only the individuals of certain age class(es) of a population can be observed
(i.e., counted). For example, if in biological pest control in a greenhouse we wanted to esti-
mate a pest population of insects, the imagos may be easier to count than other develop-
mental stages (see, e.g., a collection of papers by Schreiber [34] and a recent comprehen-
sive review by Lima et al. [35]). Another practical example occurs in fisheries, where the
fish population is estimated from the catch of only individuals over a threshold size. The
novelty of the present study is twofold: a) Although Guiro et al. [36] already applied an
observer to estimate the fish stock in a stage-structured population model, their nonline-
arity is again based on the above-mentioned Beverton—-Holt recruitment function. Our
monitoring approach is based, instead, on the nonlinear matrix model of Svirezhev and
Logofet [32] cited above, where all vital rates depend on the total population size. b) In
addition to the unknown state process, we also estimate an unknown environmental
change affecting the vital rates of the population, which is a new feature of our work with
respect to Guiro et al. [36].

The paper is organized as follows: In Section 2, a consistent nonlinear Leslie-type
model is defined, with an invariant set as the phase space and conditions for the existence
of a unique positive equilibrium of the dynamics. Section 3 is dedicated to a stability anal-
ysis. In Section 4, the observer design is illustrated. In Section 5, it is shown how the ob-
server design applies to estimate different (constant and periodic) unknown changes in
the environment that affect the population dynamics. A Discussion and Outlook Section
closes the main body of the paper.

2. Nonlinear Leslie-Type Model

In this section, we recall some basics of the classical discrete-time, age-structured ma-
trix population model as a starting point of the nonlinear model, for which we propose a
monitoring method based on the observer design of MST. Let

_al aZ e a’,nfl an |
LO = 0 w2 e 0 0
0 0 - @, 0

be a Leslie matrix with reproduction rates ¢« =0 (i=1,...,n); survival rates

O<w <1(i=1,...,n—1) and state vector

T
() =[x, 0).%,@),...x, O ¢=0,12,..).
Then, the classical Leslie model is
x(t+1)=Lyx(r) (t=0,1,2,..)

with a given non-negative initial state x(0) € R (the set of all non-negative vectors of

R"Y).
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In the following theorem, based on Svirezhev and Logofet [32], in II. §4 and II. §5, we
collected statements from the classical theory of Leslie models, which we needed in the
sequel.

Theorem 1. Let the last age class be reproductive (a, > 0 ) and either let the first age class be

reproductive (04 > 0) or have two consecutive reproductive age classes ( oo

1 >0 for some

j=2.....,n—1). Then, L, has a unique positive and simple dominant eigenvalue A, > 0, and a

*
unique associated eigenvector X >0 with ” x*” =

I M3

x; = 1. Furthermore, for any x(0)>0,
i=1

we have limi,t) =qx" for some number a > 0 .

{—o0
In what follows, the conditions of Theorem 1 will be supposed for matrix L.

Remark 1. The first condition, o, > 0, implies L, to be irreducible (Section 11.4 in Svirezhev

and Logofet [32]), while the second one is sufficient but not necessary for L to be primitive (see
Theorem A2.2 in Logofet [33]).

It is known that /4, is a kind of long-term growth rate of the population: for 4, <1,

the population dies out ( lim x(¢) = 0), and for A, > 1 the classical Leslie growth is of
t—

the Malthus type, lim”x(t)” = oo ; in both cases, for t >> 1 we have x(¢+1) = A4,x().
[—oo

However, in order to avoid unlimited growth, the following modified, nonlinear model
was introduced (see, e.g., Logofet [33]).

2.1. Nonlinear Model

For ¢ > 0, we define
1

e 4 c$x

i=1
fc(x) = Lc(x)x (XE RZO)

Obviously, in the modified, state-dependent Leslie matrix L_(x), both the reproduc-

9.(x)= , L.(x)=¢.(x)L,,

tion and the survival rates decrease as the total population size increases. The modified,
nonlinear Leslie-type model then was

x+1)=f.(x(t)) (t=0,1,2,..) (1)
with x(0) e R, given.
2.2. Equilibrium of the Model

Let us find a nontrivial equilibrium of this dynamics, i.e., a nonzero fixed point of

function f,. First, we noted that, with a particular choice of c, the x" from Theorem 1

would be a fixed point of f,.Indeed,

fo(x)=L(x)x =g (x)Lyx =g (x)4x

hence,
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1 1

:Z (=1 C:/L—l.

L6)=x" e ol )a=1 &

1+c‘x*

Here, of course, for ¢ >0, A, >1 should have held. In a more general setting, we
had the following:

Theorem 2. Let the Theorem 1 conditions hold, A, > 1, and ¢ > 0 be arbitrary. Then,

X, '—A_lx* (2)

c

is the unique positive equilibrium of dynamics (1).

Proof of Theorem 2. Substituting x., we have

1+c| .

fo(x)) =

*
xC

Furthermore, let x, > 0 be an equilibrium for dynamics (1), i.e.,

ok sk ok ok
Sox )= (x, )Lyx, =x,
hence,

sok 1 sk
Lox =—=_X :(1+C

Cop(x)

sk

)X,

ok
xc

ok
xC

. g . . . . ok
is a positive eigenvalue of L, associated with eigenvector x_ .

implying that 1+C(

Now, using Theorem 1, 4, is the unique positive eigenvalue of L,, thus, we have

1+

. k¥, . * . kk
value /4, eigenvector x, isamultiple of X . Hence, we obtain x, =

ok

/11
xc

-1
= . Furthermore, due to the simplicity of eigen-
Cc

ok
xC

= /11, and, hence,

ok

X

c

* 2«1_1 *
=—x
C

x
, implying that x." = x_ . O

2.3. Invariant Set

Now, we define a phase space (an invariant set) for dynamics (1).
We define

M:=max{a; + wy, a; + Wy, ., Ap_q + Wp_q, Ay}

M
<2},

c

S :={xe R’,
c

Theorem 3. For any ¢ > 0, set SC is invariant under fc

Proof of Theorem 3. Let x€ S, . Then,



Mathematics 2022, 10, 2707

60f18

ax, +o,x, +...tax, |
1 X,
fc(x)” = r”x” 602:x2

@, X,

n

ox X, .t ox, X, . @, X,
B 1+c¢ ||x||

_ (a1 + w)xg + (a2 + W)X + -+ (An—1 + Wp_1) X1 + AnXy
1+c|lxll

My, + M, +..+ My, + Mx, M| M
T+ e ] Tied] T e

Remark 2. Since S, is convex and compact, and f,. is continuous, the Brouwer fixed-point theo-

remwould imply that f, has a fixed point in S,. Nevertheless, x =0€ S, is always a trivial fixed

point. Of course, we are interested in a nontrivial equilibrium of dynamics (1).

Now, in terms of the demographic parameters & and &, we find a necessary and
sufficient condition for equilibrium x_ to belong to the invariant set S. . It is known (Logo-

fet [33]) that the normed characteristic equation of L is

- -0 —.. . —a,0 0, =0.

n—1
Hence, it is easy to see thata 4 > 0 is an eigenvalue of L, if, and only if,

o 0,0 0,0 -0

A)=—+ R Tl 3
Furthermore, since function ¢ is strictly decreasing, with lim ¢(A) =« and
A= +0
lim ¢(A) =0, condition
—> oo
x €8, @)
holds if, and only if,

AL M, A<M+1 e gqM+1)<1

C C

(see Figure 1).
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1 1
0 1 1 1 1
0 1 2 A, M#+1 3 4 5

1
A

Figure 1. Strictly decreasing function g with }LHHI) Q(/D =00, %EEQ(/D =0 and ﬂ1 <M+1
o gM+1)<1,

Hence, we have the following

Theorem 4. Under the conditions of Theorem 1, x: €S, if, and only if, for function q defined in
(3), we have

gqM+1)<1 (5)

Example 1. Let us consider the simplified case, when all demographic parameters are the same:
og=.=0,=0, 0,=0,=...=0,_ | =0 . Then,

M=max{o+w, a+a,..., 0+, ol=a+o.

Therefore,

aw aw™ !

+ +...+—
a+w+1 (a+w+1)? (a+w+D"

qM+1D)=qla+w+1) =

w n-l a w k
= 1+ oot —)< Z( )
at+w+1 at+w+1 (a+w+ 1)1 0{+a>+1k_0 at+w+1
_ a 1 o«
Tatwtlio_— 9 a+?
at+w+1

Thus, inequality (5) was satisfied, implying that equilibrium x, belongs to the interior of the
phase space S, . This example also implies an infinite family of examples. Indeed, by the continuity
of function q , the above strict inequality also holds for all models having different demographic

parameters O and @4}, sufficiently near the particular values & and @ of the above example.

%

Remark 3. Since, in the above reasoning, inequality (5) is strictly satisfied, and X >0, we can
*

also conclude that in Example 1, X . also belongs to the interior of the invariant set S, . Through
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continuity reasoning, it also follows that for any parameter set for 05 and 4 close to that of Ex-

ample 1, x, also belongs to the interior of S,.

3. Stability of the Positive Equilibrium

For the sake of simplicity, we consider the case of » = 3 . Now, with a given ¢ > 0
, dynamics (1) is considered with

al aZ 0{3
Ly=lw, 0 O
0 w O

In order to satisfy the conditions of Theorem 1, we suppose that ¢; > 0, and at least

one of the inequalities &4 >0 or &, > 0, holds. Assuming that 4, > 1, with Theorem 2

we obtain that

is the unique positive equilibrium of dynamics (1). Therefore, the Jacobian matrix at this
positive equilibrium is

X
1+c|x,

f;(x:)=Lc(x)—ﬁ-[Loxﬁ Lox! Lyx.]-

The following example illustrates the stability of the population age structure.
Example 2. Consider a population with the following demographic parameters:
o =0,a,=6,04=10, 0 =08, @, =09, and set c=0.05.

Conditions of Theorem 1 were fulfilled, so matrix L, has a unique positive and sim-

ple dominant eigenvalue 4, =2.73>1 and the unique normed eigenvector associated
withitis x” = [0.72,0.21,0.07]" (with x| =x +x, +x, =1,
The unique positive equilibrium of dynamics (1) is x, =[24.9, 7.3, 2.4] " . Moreo-
M

ver, since M =max{q, +®,,a, +®,,0,} =10, we have Hx:” =346<200=—.
c

Therefore, x: € S.. The eigenvalues of the Jacobian at equilibrium, 4 := fc'(x:) , are:
0.5£0.32i, 0.37. Therefore, A has a spectral radius of less than one (i.e., only has eigen-
values with modulus of less than one) and, hence, equilibrium x, is asymptotically stable.
In Figure 2, we can see how the solution of system (1) converge to x, for different initial

conditions.
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—x(0)=[24.7,7,2.1]"
- - x(0)=[25,7.5,2.5]"
s l 1 x(0)=[24.5,7.1,2.2]"

25
7 255 X

Figure 2. Trajectories tending to the positive equilibrium.

Remark 4. For the zero equilibrium, we have f,'(0) = L(0), and since, in our case, 11 > 1, the
zero equilibrium is unstable. For our Example 1, in Figure 3, it is shown how the solutions of

system (1) initially near zero diverge from zero (In fact, the eigenvalues of f.'(0) are
2.73,-1.36 £0.88i).

—x(0)=[0.1,0.2,0.4]"
- - x(0)=[0.4,0.1,0.2]"
------- x(0)=[0.2,0.4,0.1]"

Figure 3. Trajectories running away from zero.

4. Construction of a Local Observer

4.1. Observability of the System: Observing the Second Age Class

Consider the observation system consisting of dynamics (1),

x(t+1)=f.(x(¢)) (t=0,12,.), (6)
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C
det| CA
CA*?

] [c(ca)zle +a, (— 1- cHx: H +ex), ))xc2 + (1 + cq

and the observed function
y(t) = h(x(1)) = x,(t) — x_, - 7)

Then, YO =CG0)=x) o C=rG)=0 1 0)  h(x)=0
Now, an observation system is said to be locally observable near an equilibrium, if

there exists a vicinity of this equilibrium where different state processes provide different
observations.

Theorem 5. If o, < «;, then observation system (6)—(7) is locally observable near the equilibrium

*

X, .

c

Proof of Theorem 5. According to the basic theorem on observability (see, e.g.,
Sundarapandian [12]) it is enough to see that with matrix 4:= f/(x.), we have

C
rank| CA |=3.We easily obtain that
cA’

— i+ o

* *
X, X,

— X0~ X5 ))]

MY
1+c|x,

. * =1 e -1, . A—-1

Since X ||=1and 4; > 1, we have x; ==X = ||lxi| = . > 0. Now, from
C

* * * * * * * * * . .
X =X |%, X, =‘xc Xyy X3 =‘XC X3, we obtain that det| CA | is equal to

cA®

_ o] lc”x:H la2 (— 1+ cHx:H (14 ))+ cHx:Ha)le* lxz +a, (— 1+ cHx:H (14 ))(— 1+ cijH (14 +x] ))J

o ¢

(1 + cffx; )5
C
Regrouping terms, we have that det| CA | is equal to
CcA?

2 * * * * * * * * *
@, x, x, + [— 1+ cuxc H (— 1+ x, )] [c”xc Hazxz -5+ 0(3cch H(— 1+x, +x, )ﬂ

IV
(1 +cx, )
Since o, <a, , x: >0, and x* =1 , we have that —1+x1*<0 and
c
—1+x + x; = —x, ,implying det| CA |< 0. Therefore, observation system (6)-(7) is lo-
cA®

cally observable near the positive equilibrium. o
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4.2. Construction of a Local Observer: Observing the Second Age Class

We illustrate the observer design with the following;:

Example 3. We use the same parameters as in Example 2. Observing X, (t), as &, < o, and

applying Theorem 5, we obtain that observation system (6)—(7) is locally observable near equilib-
rium x, =[24.9, 7.3, 2.4]" . Now, we shortly quote some basics of observers from Sundarapan-

dian [13].

Consider a general discrete-time observation system
X+ =f(x(1)) (1=0,12,..) (8)
(&) =h(x(®)) ©)

with an equilibrium x°, where h vanishes. Denoted by A and C the Jacobian of fand & at
x, respectively, suppose that K is a matrix of appropriate size, such that 4 — KC hasa

spectral radius of less than one. Then,

z(t+1) = f(2(0) + K(y(1) = h(z())) (10)
is a local exponential observer for system (8)-(9) in the following sense:
(@) x(0) = z(0) implies x(t) = z(t) (t = 1,2,3,.).

(b) For %(0) andz(0) (e enough to x", for some M>0and 0 <a <1, we have

|z(t) = x(@) ||s Ma" (1=1,2,3,..) .

Remark 5. The intuitive interpretation of the constructed observer system (10) is the following:

Instead of the unknown initial value x(0), we start the original recursion (8) with an arbitrary
initial value Z(O) near the equilibrium, but with an additional correction term
K(y(t) —h(z(t))). The fact that, for the auxiliary matrix K, all the eigenvalues of 4 — KC

are less than one in modulus implies that the known solution Z(t) of the observer system (10)

approaches the unknown state process X(t) at an exponential rate.

Back to our Example 3, in fact, for K=[(1,0, 0)]T ,matrix 4 — KC had the following

eigenvalues: — 0.46 + 0.45i , 0.45. Hence, 4 — KC has a spectral radius of less than one,
and Equation (10) provides the following observer system for system (8)—(9):

z,(t+1) = Wsuz(z)u(% (1) +10z,(0) + (x, (1) = 2, (1)),

1
Zz(t+1) _WSHZ(Z‘)HO.SZI (t), (11)
zy(t+1) ! 9z, (1).

=——— 0.
1+ 0.05]z(2)|

In Figure 4, it is shown how the solution of observer (11) with an initial value
2(0) =[(18,15,9]" approaches the solution of the original system, with an initial value
x(0)=[10, 6, 5]7, considered as the “unknown solution” of (6).
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50

45

Time (days)

Figure 4. The solution of the observer system approached the unknown solution of the original sys-
tem.

5. Construction of an Observer System with Environmental Change

Now, we show how the above observer design methodology could be used to esti-
mate certain changes in population parameters due to abiotic environmental effects. In
general, this time-dependent change could be described as an additive term u(t), gener-
ated by its own dynamics, called the exosystem. Here, additivity means that a model pa-
rameter changed from & to & + u(t) .

5.1. Constant Environmental Change Affecting a Reproduction Rate

Example 4. For an illustration of this idea, let us consider our Leslie-type model with parameter
values of Example 2: o =0, o, =6, a; =10, w, = 0.8, @, =0,9, c = 0.05, and suppose

that there is an additive change u(t) in the reproduction rate of the third age class.

1
x, (t+1) = m(mzu) + (10 + u (1) x5 (1)),
1
x,(t+1)= WO.SXI(I),
1 (12)
x,(t+1)= W0.9)€2 ().
u(t+1) = u(t);
y(t) = h(x(t),u) = x,(t) = x,,. (13)

Here, the last equation of system (12) models the exosystem, which, in the present
case, describes that the reproduction rate ¢ changes to an unknown constant. Observa-
tion (13) is the same as in Example 3. The construction of an observer system will be based
on Sundarapandian’s work [13], applying the observer design to the extended system (12)-
(13), denoted by F(x,u) the right-hand side of system (12). Since x, is an asymptotically
stable equilibrium for the original system, and 0 is a stable equilibrium for the exosystem,
with the discrete-time adaptation of a result by Isidori [37], we obtain that (x:, 0) isa
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stable equilibrium of system (12). Following Sundarapandian [13], for the linearization,
we calculated the Jacobian 4 := F’(x_, 0) and C:= [0 1 0 0], and with an auxiliary

matrix K = [1 00 0.14]T , we obtain that 4 — KC has a spectral radius of less than

one. Hence, we obtain the following observer system for system (12)—(13):

1

z(t+1)= W—‘JHMH(&Z () + (10 + 2, (1) 23 (1)) + (x, () = 2, (1)),
1
Z, (t + 1) = WSHZ([)HO'Szl(I)’
| (14)
z(t+1) = 0.9z, (1),

1+0.05]z(7)|
z,(t+ 1) =z,(t) +0.14(x, (¢) — 2, (2)) .

The interpretation of observer system (14) is shown in Figure 5.

60

Time (days)

Figure 5. The solution of observer (14) with initial value z(0)=[18 15 9 3]  approaches the
x(0)
u(0)
the “unknown” environmental change of the reproduction rate of the third age class.

“unknown” state process with initial value [ }2[10 16 5 1.5 In particular, z4(f) approaches

5.2. Periodic Environmental Change in a Survival Rate

Suppose that survival rate @) changes periodically due to an environmental (e.g.,

seasonal) change.
Therefore, we fix

0<d<min{m,l-a}. (15)
Then, @, + ou, (1) €]0,1[ , whenever u,(t)€ [-1,1] (t =0, 1, 2,...). Therefore, the

following is a consistent population model with a periodically changing survival rate of
the second age class:
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1
x(t+1) = m (a1x1(t) + ayx,(t) + a3x3(t)),

1
xt+1) = m(wl + 6uy (8)) x4 (8), (16)
1
x3(t+1) = mwzxz(t).
u, (t+ 2) = uy (t). (17)

In order to handle the observer design in the standard form, we needed to transform
the second-order discrete-time dynamics to the equivalent first-order two-dimensional

u, (¢ 0 1

system. With notation u,(?) :==u, (¢ +1), u(t) = 1) and B = , the exosys-
u, (1) 1 0

tem corresponding to (17) is

w(t+1)=Buf) (+=0,1, 2,...) (18)

Since, for any €€]0,l[ , the solution of system (18) with initial conditions

£
u(0) = [_ J is

*

0
u = |:0} is a stable equilibrium of system (18).

u(t)=(=D'u(0) (+=0,1,2,.),

Example 5. Continuing with parameters of the previous Example 4, we know that

x: = [24,9 73 2,4}Tis an asymptotically stable equilibrium of system (16) with § = 0 .

x;} is a stable equilibrium of the extended

Similarly to Example 4, we obtain that [
u

system given by (16) and (18). According to condition (15), we can choose, for example,
0:=0.15.
For an illustration, let us assume again that the second age class is observed:

y(t) = h(x(0),u(t)) = x,(t) = x5, (19)

and we want to recover X(#) and (), considered to be unknown.

According to Sundarapandian [13], we linearize calculating the Jacobians
A:=F'(x,u") and C:= [0 10 0] . It is easily checked with matrix
K:==[1 0 0 0.14]" that the resulting matrix 4 — KC has a spectral radius of less than

one. Now, the observer design provides the following observer system for system (16),
(17)—(19):
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1
z(t+1) = m(ézz(mlowm (x2 (1) = 2,(0),
z,(t+1) = Wsnzm”(o.s +0.152,(1))z, (1),
23(z+1)=; 9z, (1), (20)

0.
1+ 0.05]]z(1)

z,(t+1) = z5(£) + 0.14 (x, (1) — 2, (1)),
zg(t+1) =z, ().

In Figures 6 and 7, we can see how the solution of observer (20) with the initial value

z(0)=[18159 2 1]T approached the “unknown” state process and the periodic envi-
x(0)

}:[IO 6 5 0.5 -0.57.
u(

ronmental change, with an initial value of [

50
....... X 1 (t)
45 - JE— X2(t)
40 "%
—z,(1)
35+ =20
---------- Z,(t)
30 :
25
20
15 -
\
10+, . . . h
‘.""'-.,“.’," N\ ;/“\\.,'/ N, ‘;/"\‘;"‘\ ,5"‘\,/\,/\”/\‘/‘\'/‘ NN v/\// AN
5 2‘;-,‘![ |
", .
R A I D g L I e
0 1 Il Il L L
0 5 10 15 20 25 30
Time (days)

Figure 6. Estimation of the state process, under the effect of an unknown periodic environmental
change, using an observer corresponding to the system extended with the exosystem.
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3 T T
—-—-u,(t)
25¢ —2z,(t)|]
2, 4
1.5 1
1; 4
05¢ NEAEA A AN
ALALALA A R AR B A
IR UAVRI AV EVA VA
[\ R | HR Y AR\ VR i
W Wl S W W
Wl ‘
You oy ow o %o W
OT-REE A R A B r
_1 L 1 1 1 L
0 5 10 15 20 25 30
Time (days)
3
——-u,(t)
251 —zs(t)’
2, .
1.5H q
1 4
05r ) 1 NEAWA A _ﬁ_ | |
ALJALAALA A A A A
R R AR VAV EVREVAV AV
o WA S A S
Pl ‘.‘,' oW
_Osi ‘l " l" H 7' ‘i v ] ] ] A
-1 L 1 1 1 1
0 5 10 15 20 25 30
Time (days)

Figure 7. Estimation of the “unknown” environmental change, using the same observer as in Figure
6.

6. Discussion and Outlook

First of all, we note that Gamez et al. [6] already proposed the observer approach to
the deterministic stock estimation of a single fish population with reserve area, which
obeyed the continuous-time logistic dynamics. The discrete-time observer approach to
monitoring, proposed in the present paper (also including the case of a changing environ-
ment), is different from that considered by Ngom et al. [38]. Indeed, in the latter, the first
age class was governed by a Beverton—-Holt recruitment function and the time-dependent
survival rates (including a time-dependent fishing effort) were supposed, while there is a
feedback of the total population size, both in the reproduction and the survival rates in
our model.

Instead of an age-classified population, it is also natural to divide the individuals of
the considered population into groups, according to their developmental stages. For such
stage-specific population models applied in biological pest control, see, e.g., Garay et al.
[39]. Therefore, for both the theory and the possible applications, it is a further promising
challenge to extend the monitoring methodology developed in the present paper, to stage-
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structured population models. While in the age-specific model all surviving individuals pass
to the next age class in unite time, a part of the surviving individuals may have remained
in the same stage in the stage-specific model, resulting in a different dynamic model.
Guiro et al. [36] already applied an observer to estimate fish stock in a stage-structured
population model, but the nonlinearity was again based on the Beverton—-Holt recruitment
function.

We showed examples of when an unknown change in the environment can be esti-
mated together with the state process of an age-structured population. These examples
could be starting points of a new line of research concerning a general monitoring system
for environmental contamination based on the observation of easily observable age classes
of a given indicator species. Another line of research that would go beyond the framework
of the present paper might be an extension of the monitoring problem to the case of several
interacting, age-structured populations. In this model, we would have to cope with two
types of nonlinearity: one leading to the saturation according to the carrying capacity of
the environment, and another one describing interspecific interactions such as predation.

Finally, for an outlook, we also mention that, while in the observer design, the system
dynamics were known, and from the observation, an unknown state process was esti-
mated. In the case of a structural identification problem, the structure of the system dy-
namics is known, and we want to recover its unknown parameters. On the structural iden-
tifiability of continuous-time nonlinear biological systems, a recent review was written by
Villaverde [40]. In the case of discrete-time systems, Anstett et al. [41] may be a useful
reference. Since model parameters can be considered as constant state variables, the struc-
tural identification problem can be considered as a particular case of the observation prob-
lem. In fact, in Section 5 of the present paper, observer design methodology was used to
numerically estimate certain changes in population parameters due to abiotic environ-
mental effects. This can be considered a particular case of structural identification. The
generalization of this approach to different ecological situations, including several inter-
acting species, could open a new line of research.

Author Contributions: Conceptualization, I.L.; writing, Z.V.; software, M.G.; methodology, ].G. All
authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Acknowledgments: I.L. thanks the support from CDTIME, University of Almeria.

Conflicts of Interest: The authors declare no conflict of interest.

Sundarapandian, V. Local observer design for nonlinear systems. Math. Comput. Model. 2002, 35, 25-36.
Gamez, M.; Lopez, I; Garay, J.; Varga, Z. Observation and control in a model of a cell population affected by radiation. Biosys-

tems 2009, 96, 172-177.

Gamez, M.; Lépez, 1.; Varga, Z.; Garay, J. Stock estimation, environmental monitoring and equilibrium control of a fish popu-
lation with reserve area. Rev. Fish Biol. Fish. 2012, 22, 751-766.

Lopez, I; Gdmez, M.; Garay, J.; Varga, Z. Monitoring in a Lotka—Volterra model. Biosystems 2007, 87, 68-74.

Varga, Z. Applications of mathematical systems theory in population biology. Period. Math. Hung. 2008, 56, 157-168.

Gémez, M. Observation and control in density- and frequency-dependent population models. In Ecological Modeling; Zhang,
W.J., Ed.; Nova Science Publishers: New York, NY, USA, 2011; pp. 285-306.



Mathematics 2022, 10, 2707 18 of 18

10.

11.

12.

13.

14.

15.
16.
17.
18.
19.
20.

21.
22.

23.
24.

25.

26.
27.

28.
29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.
41.

Varga, Z.; Gamez, M.; Lopez, I. Recent developments in monitoring of complex population systems. Am. J. Oper. Res. 2013, 3,
167-180.

Loépez, 1; Puertas, M.L.; Rodriguez, C.; Gamez, M.; Varga, M. Robust observer design by sign-stability for the monitoring of
population systems. . Frankl. Inst. 2019, 356, 2240-2257.

Géamez, M.; Lopez, I.; Rodriguez, C.; Varga, Z.; Garay, J. Ecological monitoring in a discrete-time prey-predator model. ]. Theor.
Biol. 2017, 429, 52-60.

Sundarapandian, V. Observer design for discrete-time nonlinear systems. Math. Comput. Model. 2002, 35, 37—44.

Gédényné Hajdu, G.; Varga, Z. Observer design for a nonlinear multi-stage population dynamics. In Synergy in the Technical
Development of Agriculture and Food Industry: 2-nd. International Conference on Agricultural Engineering 9—15 October 2011; Szabo,
I, Mago, Z., Kurjak, Z., Eds.; Szent Istvan University Publishers: Godollo, Hungary, 2011; p. 88.

Bernadelli, H. Population waves. J. Burma Res. Soc. 1941, 31, 1-18.

Leslie, P.H. On the use of matrices in certain population mathematics. Biometrika 1945, 33, 183-212.

Leslie, P.H. Some further notes on the use of matrices in certain population mathematics. Biometrika 1948, 35, 213-245.
Caswell, H. Matrix Population Models; Sinauer Ass. Inc. Publisher Souderland: Massachusetts, UK, 2001.

Farina, L.; Rinaldi, S. Positive Linear Systems: Theory and Applications; Wiley: Hoboken, NJ, USA, 2000.

Pianese, A.; Attias, A.; Varga, Z. Dynamic immigration control improving inverse old-age dependency ratio in a pay-as-you-go
pension system. Decis. Support Syst. 2014, 64, 109-117.

Gantmacher, F.R. Matrix Theory; Chelsea: New York, NY, USA, 1959.

Varga, Z. On the asymptotic behaviour of a continuous time, age-specific population growth model. Abstracta Botanica 1986, 10,
357-366.

Beverton, R.J.H.; Holt, S.J. On The Dynamics of Exploited Fish Populations; Chapman & Hall: London, UK, 1957.

Getz, W.M.; Haight, R.G. Population harvesting. Demographic models of fish, forest, and animal resources. In Monographs in
Population Biology; Princeton University Press: Princeton, NJ, USA, 1989; Volume 27.

Sharma, R.; Porch, C.E.; Babcock, E.A.; Maunder, M.N.; Punt, A.E. Recruitment: Theory, estimation, and application in fishery
stock assessment models. Fish. Res. 2019, 217, 1-4.

Jensen, A.L. Simple density-dependent matrix model for population projection. Ecol. Model. 1995, 77, 43-48.

Liu, L.; Cohen, J.E. Equilibrium and local stability in a logistic matrix model for age-structured populations. ]. Math. Biol. 1987,
25, 73-88.

Lefkovitch, L. The study of population growth in organisms grouped by stages. Biometrics 1965, 21, 1-18.

Logofet, D.O.; Salguero-Gémez, R. Novel challenges and opportunities in the theory and practice of matrix population model-
ling: An editorial for the special feature “Theory and Practice in Matrix Population Modelling”. Ecol. Model. 2021, 443, 109457.
Logofet, D.O.; Ulanova, N.G. From population monitoring to a mathematical model: A new paradigm of population research.
Biol. Bull. Rev. 2022, 12, 279-303.

Logofet, D.O.; Klochkova, L.N. Mathematics of Lefkovitch model: Reproductive potential and asymptotic cycles. Mat. Model.
2002, 14, 116-126.

Svirezhev, Yu. M.; Logofet, D.O. Stability of Biological Communities (Revised from the 1978 Russian Edition); Mir Publishers: Mos-
cow, Russia, 1983.

Logofet, D.O. Matrices and Graphs. Stability Problems in Mathematical Ecology; CRC Press: Boca Raton, FL, USA, 1993; Reprinted
in 2018.

Schreiber, M.M. Integrated Pest Management Systems: A Research Approach (No. 985); Agricultural Experiment Station, Purdue
University: West Lafayette, IN, USA, 1987.

Lima, M.C.F.; de Almeida Leandro, M.E.D.; Valero, C.; Coronel, L.C.P.; Bazzo, C.O.G. Automatic detection and monitoring of
insect pests— A review. Agriculture 2020, 10, 161.

Guiro, A.; Iggidr, A.; Ngom, D. On the stock estimation for a harvested fish population. Bull. Math. Biol. 2012, 74, 116-142.
Isidori, A. Non Linear Control Systems; Springer: New York, NY, USA, 1995.

Ngom, D,; Iggidr, A.; Guiro, A.; Ouahbi, A. An observer for a nonlinear age-structured model of a harvested fish population.
Math. Biosci. Eng. 2008, 5, 337-354.

Garay, J.; Sebestyén, Z.; Varga, Z.; Gamez, M.; Torres, A.; Belda, J.E.; Cabello, T. A new multistage dynamic model for biological
control exemplified by the host-parasitoid system Spodoptera exigua-Chelonusoculator. J. Pest Sci. 2015, 88, 343-358.
Villaverde, A.F. Observability and structural identifiability of nonlinear biological systems. Complexity 2019, 2019, 1-12.
Anstett, F.; Bloch, G.; Millérioux, G.; Denis-Vidal, L. Identifiability of discrete-time nonlinear systems: The local state isomor-
phism approach. Automatica 2008, 44, 2884-2889.



