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An algebra over a commutative ring is known to be a bialgebra if and only if
its category of (left or right) modules is monoidal such that the forgetful functor
is strong monoidal. By analogy, a monad can be called a ”"bimonad” whenever
its Eilenberg-Moore category is monoidal such that the forgetful functor is strong
monoidal. A bimonad in this sense was proved to be the same as an opmonoidal
monad, see recent works by Moerdijk, Mc Crudden and others.

More generally, an algebra over a commutative ring is known to be a weak
bialgebra if and only if its category of (left or right) modules is monoidal such that
the forgetful functor possesses a so-called separable Frobenius monoidal structure.
By analogy, we define a "weak bimonad” as a monad with additional structures
that are equivalent to the monoidality of its Eilenberg-Moore category such that the
forgetful functor is separable Frobenius monoidal. Whenever in the base category
idempotent morphisms split, a simple set of axioms is provided, that characterizes
the monoidal structure of the Eilenberg-Moore category as a weak lifting of the
monoidal structure of the base category. The relation to bimonads, and the relation
to weak bialgebras in a braided monoidal category are revealed. We also discuss
antipodes, obtaining the notion of weak Hopf monad.

The talk is based on the paper [G. Bohm, S. Lack and R. Street, Weak bimonads
and weak Hopf monads. J. Algebra 328 (2011), 1-30.]



Weak bimonads & weak Hopf monads

Gabriella Bohm
Research Institute for Particle and Nuclear Physics, Budapest

05 July 2011 Almeria



Plan.

e Preliminaries: (Hopf) bialgebras and (Hopf) bimonads.
e Weak bialgebras and their category of modules.

e Weak bimonads — definition and axioms.

e The category of EM algebras.

e \Weak bimonads vs bimonads.

e Weak Hopf monads.

based on: G. Bohm, S. Lack and R. Street.
J. Algebra 328 (2011), 1-30. arXiv:1002.4493.



Bialgebras and their category of modules.

For a k-algebra H, TFAE.
e /1 is a bialgebra.

e My is monoidal and My —2= M, is strong monoidal:
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Hopf algebras.

For a k-bialgebra H, TFAE.

e H is a Hopf algebra.

e HoHMY o HoHY S Ho H, W& h— Wh @ hy

is an isomorphism.



Monads and Eilenberg-Moore algebras.
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Monads and Eilenberg-Moore algebras.

(H,H®? X H k% H) (ML MT2E T, ML T)
H@S@H@ g Hen 2 73 tw 72 2 72
u 7 u
lu@ﬂ l lnk l luT l l\l
H®?—=H H®* —=H T°—=T T?—=T
H-module ~~~~—~—~~~—- EM algebra
(N,N ® H-% N) (X € M|, TX > X)
NeH®"2'NoH — N-Z'NeH xS rx  xXrx
v § §
l,/@H l \ l lTﬁ l \l
N@H ——= N TX —X X



Bimonads.

Definition. A bimonad on a monoidal category (M, ®,I) is a monad

M 5 M equipped with the additional str needed for M¢ to be

monoidal and M7 = M to be strong monoidal.
Explicitly. (e.g. [Moerdijk 02]) An opmonoidal str
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T(—®—) 2= T(=) @ T(-), 71—

compatible with 72 & T and M -5 T. Shortly, an opmonoidal monad.
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Bimonads.

Definition. A bimonad on a monoidal category (M, ®,I) is a monad
M 5 M equipped with the additional str needed for M¢ to be

monoidal and Mz = M to be strong monoidal.
Explicitly. (e.g. [Moerdijk 02]) An opmonoidal str

b

T(—® )2 T(=) @ T(-), T2

compatible with 72 & T and M -5 T. Shortly, an opmonoidal monad.
For a k-bialgebra H,
T:(—)®H2Mk—>./\/lk,
T, ' XQYQ®H —XQHQY ®H,
TRy Qh —Hxh QU ® ho;
TO —c: H— k.

More generally, for a right R-bialgebroid H,
1T = (—) Qr H : pMpr — rpRMpg.



Hopf monads.

Definition. [Bruguieres, Lack, Virelizier|
A (right) Hopf monad is a bimonad T : M — M such that

pXQTY

T(TXQY)—2—~=T2X @ TY TX ®TY

is a natural isomorphism.
ForT'=(—)® H : My, — My,

XQOHRXYRH - XQHKRQY QH
TN QyuRh —axRhh @y hs.



Weak bialgebras.

Definition. A weak bialgebra is a k-algebra and k-coalgebra H s.t.
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Theorem. [Szlachanyi 05| For a k-algebra H, TFAE.
e /1 is a weak bialgebra.

e My is monoidal and My —2> M, is both monoidal and op-
monoidal such that U? o Uy = U(— X —) and

UXeUYR)Z2Lyx Uy ovuz UXRY)oUZZ22UXx Uy o UZ

\LUQ U2®UZ\L \LUQ UX®U2\L

UXRYRZ)—~UXRY)2UZ UXRYRZ)——UXeU(Y K2

Such a U is called separable Frobenius monoidal.

ForaWBA H, XXY ={z.1, 0yl |zeX, yeY }.



Weak bimonads.

Definition. A weak bimonad on a monoidal category (M, ®,1) is a

monad M 5 M equipped with the additional str needed for M to
be monoidal and M Y M to be separable Frobenius monoidal.

L Explicit description 7



Theorem. Let T" be a monad on a monoidal category (M, ®, I') in which
idempotents split. To give T the str of a weak bimonad is equivalently
to give the endofunctor I the str of an opmonoidal functor s.t.
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Theorem. Let T" be a monad on a monoidal category (M, ®, I) in which
idempotents split. To give T the str of a weak bimonad is equivalently
to give the endofunctor 1T’ the str of an opmonoidal functor s.t. ...

... five axioms (relating the monad str & the opmonoidal str).

For a WBA H (in a braided monoidal category M with split idempo-
tents), (—) ® H : M — M is a weak bimonad.

(_ Interpretation of the axioms via the monoidal str of Mr .



Theorem. For a weak bimonad T on (M, ®, 1),

e The monoidal unit x 25 Mo

is a weak lifting of x5 M-S M.

e [he monoidal product Mp x Mrp = M

is a weak lifting of M x M E M.

e The associativity constraint ((— X —)X —) = (= X (= X —))
is a weak lifting of (—®-)®-) = (—®(—®-)).
o The left unit constraint ~ RX (—) = My

is a weak lifting of TI® (—) 02 pg

the right unit constraint (=YX R = My

is a weak lifting of (—)@TI 08T pq



That is, there exist split natural monomorphisms
UR=TIand U(—X—) 2 U(-)®U(-) st
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Weak bimonads vs bimonads.

WBA = bialgebroid over a separable Frobenius algebra

?

L Generalization !

(Mr, K, R) 5 (M, ®,1) is (separable Frobenius) monoidal =
e R is a (separable Frobenius) monoid
e |f idempotent morphisms in M split, then
U= (MT rMp M ) =
monadic forgetful
strong monoidal

3 a bimonad T : pMp — gpMp sit. Mp ~ (rRMR)7.
T +— T is the object map of a category equivalence.
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Weak Hopf algebras.

Definition. A WBA H is a weak Hopf algebra if 4.5 : H — H s.t.
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For a WBA H, there are idempotent maps

F:H®H — H®H, hoh— h'l;y ® hls
FH@H%H(X)H, h/®hH8(1111/)h/12®12/h.

Theorem. [Caenepeel & De Groot] A WBA H is a WHA iff for

B=(HoH™  HoHnoH" HeH), 35 HH - HoH

s.t. BOE:B:FOB;ﬁOB:E;BOﬁ:F.

?

L Generalization :




For a weak bimonad 7', there are idempotent natural transformations

don’'t mind their explicit form.
Definition. A weak Hopf monad is a weak bimonad T’ s.t. for

15

B:=(T(TX®Y) T°X @ TY 22 TX @ TY )
33:TXRTY > T(TX®Y)st. foE=03=Fof; fof=E;
BofB=F.

Theorem. For a WBA H, (—) ® H is a weak Hopf monad iff H is a
WHA.

Theorem. If in a monoidal category M idempotents split, then a weak
bimonad 1" on M is a weak Hopf monad if 7" on p Mg is a Hopf monad.




Thank you for your attention ®©.



	bohm
	bohmta

