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Semirings

@ Semirings are, roughly speaking, rings without
subtraction, i.e. (S,+,0) is a commutative monoid (not
necessarily a group) withs-0=0=0-sV s € S.
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and bounded distributive lattices (Vandiver 1934).

o (No,+,.) is a semiring; R™ and Q™ are semifields;

o (ideal(R),+,.) is a semiring (Dedekind 1894);

e A domain D is Priifer < (ideal(D), +,N) is a semiring.
e (L,V,A) is a b.d. lattice having unique minimal & unique

maximal < L is a comm. idempotent simple semiring.




Preliminaries

Examples & Remarks

@ The semiring Ryax := (R U {—00}, max, +), which is a
idempotent dequantization of R, plays an important role
in Tropical Geometry and Idempotent Analysis (e.g.
Mikhalkin 2006; Litvinov & Maslov 2005, Litvinov 2010).
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@ The semiring Ryax := (R U {—00}, max, +), which is a
idempotent dequantization of R, plays an important role
in Tropical Geometry and Idempotent Analysis (e.g.
Mikhalkin 2006; Litvinov & Maslov 2005, Litvinov 2010).

@ The semiring (N U {oo}, min, +) plays an important rule
in Automata Theory (Conway 1971; Eilenberg 1974;
Salomaa & Soittola 1978).

@ The category FF of finite sets with partial bijections
endowed with & (disjoint union) and ® (cartesian
product) is a semiring (Pefia & Lorscheid 2009).

@ Semirings < additive algebraic monads on Set (Durov
2007).
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Semimodules

@ A left semimodule over a semiring is, roughly speaking, a
left module M without subtraction ( (M, +,0) is a
commutative monoid with
Osm=0y =50y VseS meM.

@ For the foundations of the theory of semimodules over
semirings we refer to the fundamental series of papers by
M. Takahashi (1979 - 1985) in addition to Golan's books
(1999, 2002).

@ A comprehensive literature review on semirings and their
applications is provided by K. Gtazek (2002).
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The category S

Factorization Structures

(Adamek, Herrlich and Strecker 2004) Let E C Epi and
M C Mono. We call (E, M) a factorization structure for
morphisms in € provided that
@ E and M are closed under composition with
isomorphisms.
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Factorization Structures

(Adamek, Herrlich and Strecker 2004) Let E C Epi and
M C Mono. We call (E, M) a factorization structure for
morphisms in € provided that
@ E and M are closed under composition with
isomorphisms.
@ ¢ has (E, M)-factorizations, i.e. each morphism h in €
has a factorization h = mo e with m € M and e € E.
© ¢ has the unique (E, M)-diagonalization property

A < -B
731d
= D
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Takahashi 1982

@ is a variety (i.e. an HSP class in the sense of UA)
@ is Barr-exact (1971) (with a
(RegEpi,Mono)-factorization structure)
monomorphisms = injective morphisms

regular epimorphisms = surjective morphisms

is complete (i.e. has equalizers & products)
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has kernels and cokernels.

An epimorphism which is not surjective:

®© 6 6 ¢ ¢

h: No x Ng — Ng x No, (n,m) — (2n+ m, n).
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The category sS ... bad properties

@ not monoidal (with Takahashi's tensor product:
S©Os M ~c¢(M))

@ neither left nor right closed;
@ not subtractive (in the sense of A. Ursini 1994)

@ not exact (in the sense of Puppe: 1962; a pointed
category with a
(NormalEpi,NormalMono)-factorization structure)

@ not homological (in the sense of Borceux & Bourn: 2004;
a category which is pointed, regular & protomodular)
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The category S

Subtractive Subsemimodules

Let M be a semimodule.

@ A non-empty subset L C M is said to be subtractive iff:
I+m, lelL=meclL forallm | e M.
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Subtractive Subsemimodules

Let M be a semimodule.
@ A non-empty subset L C M is said to be subtractive iff:
I+m, lelL=meclL forallm | e M.
@ The subtractive closure of a subsemimodule L <s M is

L= {me M|\m+ I, = h, for some I, € L}.

Lemma

The following are equivalent for an S-semimodule M:
Q M is cancellative (i.e. my +m=m, +m=my = my);
Q@ W :={(mym)| me M} CMx M is subtractive;
Q ¢: M — MA is injective, where M? := (M x M)/W.
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The category S

Cancellative Semimodules

Definition
Let M be an S-semimodule and consider the S-congruence
relation

m=logm & m+m’"=m+m"; m" e M.
Then we have a cancellative S-semimodule

C(M) = M/[E]{O} = {[m]{o} m e M} (].)

Moreover, we have a canonical surjection ¢y : M — ¢(M) with

(M) :=Ker(ey)={meM|m+m =m';, m e M}.

Jawad Abuhlail Hopf Semialgebras Hopf algebras and tensor categories Univers



The category S

Takahashi's Tensor Product 1982

Universal Property

Let M be a right S-semimodule and N a left S-semimodule.
For every cancellative commutative monoid G:

M x N

. o\
ar >G

M ©os N
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Takahashi's Tensor Product 1982

Universal Property

Let M be a right S-semimodule and N a left S-semimodule.
For every cancellative commutative monoid G:

M x N
T O\
37 -

9" &
MosS ¥ ¢(M) and S @5 N = ¢(N)

M®s N G
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The category S

Katsov ... 1997

Universal Property

Let M be a right S-semimodule and N a left S-semimodule.
The universal property holds for any commutative monoid G:

M x N

. o\
ar >G

M ®s N
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Katsov ... 1997

Universal Property

Let M be a right S-semimodule and N a left S-semimodule.
The universal property holds for any commutative monoid G:

M x N
T O\
37 -G

Iy Oy
M®sS ~M and S@s N~ N

M ®s N
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The category S

Exactness in Non-exact Categories ... (under

preparation)

Definition
Let € be any pointed category. We call a sequence
AL B £, C exact iff

o f =ker(g)o f’, where (f',ker(g)) € E x M;

o g = g" ocoker(f), where (coker(f),g") € E x M.
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AL B £, C exact iff
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Let € be any pointed category. We call a sequence
AL B £, C exact iff

o f =ker(g)o f’, where (f',ker(g)) € E x M;

o g = g" ocoker(f), where (coker(f),g") € E x M.
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Exactness in Non-exact Categories ... (under

preparation)

Let € be any pointed category. We call a sequence
AL B £, C exact iff

o f =ker(g)o f’, where (f',ker(g)) € E x M;

o g = g" ocoker(f), where (coker(f),g") € E x M.

Let € be an exact category. The following are equivalent:

O A B -5, Cisexact.
@ f =ker(g)of’, where f' € E := NormalEpi;,
@ g = g" ocoker(f), where g” € M := NormalMono.
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The category S

Exact Sequences

We call an S-linear morphism f : M — N:
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The category S

Exact Sequences

We call an S-linear morphism f : M — N:
@ subtractive (i-regular: Takahashi) iff f(M) = f(M);
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The category S

Exact Sequences

We call an S-linear morphism f : M — N:
@ subtractive (i-regular: Takahashi) iff f(M) = m;
@ steady (k-regular: Takahashi) iff

f(m)=f(m') = m+k =m'+k' for some k, k' € Ker(f).

v
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The category S

Exact Sequences

We call an S-linear morphism f : M — N:
@ subtractive (i-regular: Takahashi) iff f(M) = 77/\7);
@ steady (k-regular: Takahashi) iff

f(m)=f(m') = m+k =m'+k' for some k, k' € Ker(f).

Exact Sequences

We call a sequence of S-semimodules L LMEN:
exact iff f(L) = Ker(g) and g is steady;

Jawad Abuhlail Hopf Semialgebras Hopf algebras and tensor categories Univers



The category S

Exact Sequences

We call an S-linear morphism f : M — N:
@ subtractive (i-regular: Takahashi) iff f(M) = 77/\7);
@ steady (k-regular: Takahashi) iff

f(m)=f(m') = m+k =m'+k' for some k, k' € Ker(f).

Exact Sequences

We call a sequence of S-semimodules L LMEN:
exact iff f(L) = Ker(g) and g is steady;
proper-exact iff f(L) = Ker(g) (exact in Patchkoria 2003);

—

semi-exact iff f(L) = Ker(g) (exact in Takahashi 1981);
weakly-exact iff f(L) = Ker(g) and g is steady (PD2006).
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Hopf Semialgebras

Semialgebras

From now on, S is a commutative semiring, so that (sS, ®, S)
is a symmetric monoidal category.

Definition
With an S-semialgebra, we mean a triple (A, 11a,na), where A
is a S-semimodule and

p:A®RsA—Aandn:S— A
are S-linear morphisms such that

pra o (ta ®sida) = pa o (ida ®s pa);
. / .
pao (na®sida) =V, & pao (ida ®sna) = U7,




Hopf Semialgebras

Semicoalgebras ... (Brussels, 2008)

An S-semicoalgebra is an S-semimodule C associated with

Ac:C—-CosCandec:C— S,

Ac

C Cos C

Acl iidc@sAC

Cos C

WC@S C@SC

Ac Ac

Cos C C Cos C
ac®5idci CC\L lidCQSEC

(@
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Hopf Semialgebras

Semicoalgebras ... (Almeria, 2011)

An S-semicoalgebra is an S-semimodule C associated with

Ac:C—-C®sCandec: C— S,

Ac

C C®s C
Acl iidc@sAC
C®S CWC@S C®S C

Ac Ac
CRsC<—C—C®s C
Ec®sidcl \Lidc@s&c

r
I I
S®s C C®sS




Hopf Semialgebras

SEIES

For any set X, the free S-semimodule S™X) is an
S-semicoalgebra:

A(x) = x ®s x and e(x) = 15 for all x € X.
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Hopf Semialgebras

Semibialgebras

Definition

With an S-semibialgebra, we mean a datum (H, u,n, A, €),
where (H, 11, m) is an S-semialgebra and (H, A, ¢) is an
S-semicoalgebra such that

A:H—-H®sHande: H—S
are morphisms of S-semialgebras, or equivalently

pw:H®RsH—Handn:S—H

are morphisms of S-semicoalgebras.
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Hopf Semialgebras

Doi-Koppinen semimodules

Let B be an S-semibialgebra. As in the classical case, one can
consider several examples of Doi-Koppinen semimodules.
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Hopf Semialgebras

Doi-Koppinen semimodules

Let B be an S-semibialgebra. As in the classical case, one can
consider several examples of Doi-Koppinen semimodules.

Hopf Modules

With SE we will denote the category whose objects are
S-semimodules M satisfying the following properties:
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Hopf Semialgebras

Doi-Koppinen semimodules

Let B be an S-semibialgebra. As in the classical case, one can
consider several examples of Doi-Koppinen semimodules.

Hopf Modules

With SE we will denote the category whose objects are
S-semimodules M satisfying the following properties:
@ (M, py) is a right B-semimodules;

Jawad Abuhlail Hopf Semialgebras Hopf algebras and tensor categories Univers



Hopf Semialgebras

Doi-Koppinen semimodules

Let B be an S-semibialgebra. As in the classical case, one can
consider several examples of Doi-Koppinen semimodules.

Hopf Modules

With SE we will denote the category whose objects are
S-semimodules M satisfying the following properties:

@ (M, ppn) is a right B-semimodules;

o (M, oM) is a right B-semicomodule;
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Hopf Semialgebras

Doi-Koppinen semimodules

Let B be an S-semibialgebra. As in the classical case, one can
consider several examples of Doi-Koppinen semimodules.

Hopf Modules

With SE we will denote the category whose objects are
S-semimodules M satisfying the following properties:
@ (M, ppn) is a right B-semimodules;
o (M, oM) is a right B-semicomodule;
o oM(mb) =Y m<0>b ®sm<1>bVme
M and b € B.
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Hopf Semialgebras

Automata ... Worthington 2009

A left automaton (M, A, <,s,~) consists of:
© an S-semialgebra A and a left A-semimodule (M, <)),
@ an element s € M, called start vector;
© an S-linear mapv: M — S.
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Hopf Semialgebras

Automata ... Worthington 2009

A left automaton (M, A, <,s,~) consists of:
© an S-semialgebra A and a left A-semimodule (M, <)),
@ an element s € M, called start vector;
© an S-linear mapv: M — S.

A morphism of left automata
(0, A): (M, A, q,s,7) = (M A, < 8", ), m — ¢(m)

is a pair consisting of a morphism of S-semialgebras
A:A— A and an A-linear map ¢ : M — M', s.t.:

o(s) = s" and v(m) = v(¢(m)) for all m € M.
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Hopf Semialgebras

Application ... Worthington 2009

Definition
The language accepted by the left automaton (M, A, <,s,7)
is the S-linear map

pm:A— S a—y(a<s) forall ae A
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Hopf Semialgebras

Application ... Worthington 2009

The language accepted by the left automaton (M, A, <,s,7)
is the S-linear map

pm:A— S a—y(a<s) forall ae A

Example

Let B be an S-semibialgebra and (M, B, <, s, ),
(M',B,<’,s',~'") be left automata. Then

(M @2 M, B, Iuztm S Os ',y ®s ') is a left automata.
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Hopf Semialgebras

Application ... Worthington 2009

The language accepted by the left automaton (M, A, <,s,7)
is the S-linear map

pm:A— S a—y(a<s) forall ae A

Example

Let B be an S-semibialgebra and (M, B, <, s, ),
(M',B,<’,s',~'") be left automata. Then

(M @2 M, B, Iuztm S Os ',y ®s ') is a left automata.

b <pmgsmr M Xs m = Z bim ®s b2m/.
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Hopf Semialgebras

Application ... Worthington 2009

The language accepted by the left automaton (M, A, <,s,7)
is the S-linear map

pm:A— S a—y(a<s) forall ae A

Example

Let B be an S-semibialgebra and (M, B, <, s, ),
(M',B,<’,s',~'") be left automata. Then

(M @2 M, B, Iuztm S Os ',y ®s ') is a left automata.

b <pmgsmr M Xs m = Z bim ®s b2m/.

Moreover, PMeEM = PM * DM -
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Hopf Semialgebras

Classical Examples

Let (G, -, e) be a monoid. Then S[G] is an S-semibialgebra
with:

A : S[G] — S[G]®sS[G], g — g®sg;
e : S[G] — S, g — ls.
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Hopf Semialgebras

Classical Examples

Let (G, -, e) be a monoid. Then S[G] is an S-semibialgebra
with:

A : S[G] — S[G]®sS[G], g — g®sg;
e : S[G] — S, g — ls.

(S[x], A1, 1) is an S-semibialgebra with:

A1(x") == x" ®@s x" and £1(x") = 1s.
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Hopf Semialgebras

Hopf Semialgebras

A Hopf S-semialgebra is an S-semibialgebra H, along with an
S-linear morphism S : H — H (called the antipode of H),

such that

ZS(hl)hg = 8(/’))1[-{ — Z h15(h2) for all h € H.
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Hopf Semialgebras

Hopf Semialgebras
Definition |

Definition
A Hopf S-semialgebra is an S-semibialgebra H, along with an

S-linear morphism S : H — H (called the antipode of H),
such that

ZS(hl)hg = €(h)1H — Z h15(h2) for all h € H.

Example

Consider the commutative semialgebra B := {0, 1} with
1+1=1. Then B is a Hopf semialgebra:

A(0) = 000, Al) = 1®1
e(0) = 0 e(l) = 1
S(0) = 0 S(1) = 1L
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Hopf Semialgebras

Classical Examples

Let (G, -, e) be a group. Then S[G] is a Hopf S-semialgebra:

A : S[G] — S[G]®sS[G], g — g®sg;
e : S[G] — S, g — ls.
s : S[6] — S[G], g — g
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Hopf Semialgebras

Classical Examples

Let (G, -, e) be a group. Then S[G] is a Hopf S-semialgebra:

A : S[G] — S[G]®sS[G], g — g®sg;
e : S[G] — S, g — ls.
s : S[6] — S[G], g — g

(S[x], p,m, A2, €2, S) is a Hopf S-semialgebra:

n

n
Do(x") =" <k> X @5 X", £5(x") = dng

k=0

n n n_n
S:H—H, S(x")=(-1)"x".
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Hopf Semialgebras

Classical Examples ... continued

(S[x,x7 ], u,m, A, &, S) is a Hopf S-semialgebra:

A(x*) = x* Qs X%
e(x*) = 1g;
S(x*) = x77.
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Hopf Semialgebras

Fundamental Theorem of Hopf Semialgebras

Consider a S-semibialgebra B and the corresponding category
of Hopf modules SE. The following are equivalent:
© B is a Hopf S-semialgebra;
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Hopf Semialgebras

Fundamental Theorem of Hopf Semialgebras

Consider a S-semibialgebra B and the corresponding category
of Hopf modules SE. The following are equivalent:
© B is a Hopf S-semialgebra;

Q@ B®sB~B®2B inS§;
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Hopf Semialgebras

Fundamental Theorem of Hopf Semialgebras

Consider a S-semibialgebra B and the corresponding category
of Hopf modules SE. The following are equivalent:
© B is a Hopf S-semialgebra;

Q@ B®sB~B®2B inS§;
Q B®58:B®§BMSE;
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Hopf Semialgebras

Fundamental Theorem of Hopf Semialgebras

Consider a S-semibialgebra B and the corresponding category
of Hopf modules SE. The following are equivalent:
© B is a Hopf S-semialgebra;

B ®s B ~ B®2 B in SE;
B ®s B~ B®S B in SE;

Hom5(B, —) : S8 — Ss is an equivalence (with inverse
— ®s B).

© 0 O
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