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Introduction

Domination in graphs

o G=(V,E), asimple graph. S C V, set of vertices of G.
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o G=(V,E), asimple graph. S C V, set of vertices of G.

o S is a dominating set if N(S) = V, i.e., every vertex v € S is
adjacent to a vertex of S.

o 7(G), domination number of G: minimum cardinality of any
dominating set in G.

Domination related parameters

o Domination plus conditions on vertices of the dominating set or its
complement: Total domination, connected domination, independent
domination, etc.

o Conditions over the style of domination: k-domination, distance
domination, etc.

o Dominating functions: Roman domination, signed domination, minus
domination, etc.
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Introduction

Roman domination

A map f: V — {0,1,2}, Roman dominating function for G, if for
every v € V with f(v) = 0 there exists u € N(v) such that f(u) = 2.
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Yr(G), Roman domination number of G: minimum weight of any
Roman dominating function for G.
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Introduction

Roman domination

o Amap f:V — {0,1,2}, Roman dominating function for G, if for
every v € V with f(v) = 0 there exists u € N(v) such that f(u) = 2.

o The weight of f if f(V) =3y f(v).
o 7gr(G), Roman domination number of G: minimum weight of any
Roman dominating function for G.

o Every Roman dominating function induces three sets By, By, B> such
that Bi={ve V : f(v) =i}, i€ {0,1,2}.

1(6) <7r(6) <27(6)
v(G) = vr(G) if and only if G = K,,.
G is called a Roman graph if ygr(G) = 2v(G).

There is an open problem related to characterizing all Roman graphs
(Roman trees are characterized).
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Introduction

Domination versus product graphs

Vizing's conjecture
o One of the most important problems about domination in graphs:
Y(GOH) > +(G)y(H).
o Several Vizing-like results for other domination (also not domination
related) parameters.
o M(GOH) = T(G)I(H), 7(G x H) < 3v(G)y(H),
V(G W H) < y(G)v(H), etc.

o The best approximation to Vizing's conjecture:
2v(GOH) > v(G)vy(H) (Clark and Suen).

Roman domination
o YR(GUH) = v(G)(H).
o There were no more results in this topic.
o So, we did it.
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Cartesian product graphs

A general bound

o Vi and V5, the vertex sets of
G and H, respectively.

o S={u,...,u},a dominating
set for G, t = v(G).

o [l= {Al,Ag,...,AW(G)}, a
vertex partition of G such that
ui € Aj and A; C Nuj]

u uz u
\d \d \d \d —t+—@ .
A A A
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Cartesian product graphs

A general bound

o {I'Il, Mo, ..., I'I,Y(G)}, a vertex
partition of GLIH, such that
M; = A; x V, for every
i€{l,...v(G)}

u1 uz
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Cartesian product graphs

A general bound

o {M1, My, ..., M)}, a vertex
partition of GLIH, such that

M; = A; x V, for every
i€ {1,...7(G)}
il e L Q f:(Bo,Bl,BQ), a
~vr(GOH)-function
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Cartesian product graphs

Q {I'Il, My, ..., H,Y(G)}, a vertex
partition of GLIH, such that
M; = A; x V, for every
ied{l,..,v(G)}

Q f = (Bo, Bl, Bg), a
~vr(GOH)-function

o Forevery i € {1,...,7(G)},

€ fi: Vo —{0,1,2}, a function

on H such that fi(v) =
max{f(u,v) : u€ A}
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Cartesian product graphs

A general bound

o fj = (Xéi),Xl(i),XZ(i)), not a
Roman dominating function for

---------- soe H, there is a vertex v € Xéi),
........... 13x N(v)mXZ(’) = 0.
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Cartesian product graphs

A general bound
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o fi= (Xéi),Xl(i),XZ(i)), not a
Roman dominating function for
H, there is a vertex v € Xéi),
N(v)n X = 0.

o For every u € A;, (u,v) is

adjacent to some vertex not in
M;
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Cartesian product graphs

A general bound

o For every i € {1,...,7(G)}, we count the number of vertices of H
satisfying that they are not adjacent to any vertex with label two (2).
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Cartesian product graphs

A general bound

o For every i € {1,...,7(G)}, we count the number of vertices of H
satisfying that they are not adjacent to any vertex with label two (2).

o For every vertex v of H we count the G-cells satisfying that all their
vertices are not adjacent to any vertex with label two (2) in the same

“column”.

o By doing a double sum we get that

1(G)yr(H)

Wl N

vr(GOH) >
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Cartesian product graphs

The general bound

For any graphs G and H,

vr(GOH)
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Cartesian product graphs

The general bound

For any graphs G and H,

If vr(H) > 27 then

Y(G)v(H) | ~(G)
~v(GOH) > 5 :

For any graph G and any Roman graph H,
4
© R(GOH) 2 S7(G)y(H).

V(GOH) = 27(G)v(H).

L)J\I\J
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Strong product graphs

Roman domination

o fi = (Ao, A1, A2), 7r(G)-function. f, = (By, B1, B2), vr(H)-function.
Then,
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o fi = (Ao, A1, A2), 7r(G)-function. f, = (By, B1, B2), vr(H)-function.
Then,
YR(G X H) < r(G)vr(H) — 2|A2]|Ba|.

Idea of the proof
f on G X H defined as

2, (u,v) € (A1 x By) U (A X By)U(Ax x By),
f(u, V) = 1, (U, V) € A1 x By,
0, otherwise.
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Strong product graphs

Roman domination

o fi = (Ao, A1, A2), 7r(G)-function. f, = (By, B1, B2), vr(H)-function.
Then,

YR(G B H) < vr(G)vr(H) — 2|A2|B2|.

Idea of the proof
f on G X H defined as
2, (u,v) € (A1 x By) U (A X By)U(Ax x By),
f(u,v) =

1, (u,v)€ A x By,
0, otherwise.

©

(Ao x Bp) U (Ao x Ba) U (A2 x Bp) is dominated by Az x By,
A1 X Bp is dominated by A; x By and
Ap X By is dominated by Ay x B;.

©

©

o f is a Roman dominating function on G X H.
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Rooted product graphs

Domination

o G, graph of order n > 2. H, graph with root v and at least two
vertices. If v does not belong to any (H)-set or v belongs to every
~v(H)-set, then

2(G o H) = my(H).
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Rooted product graphs

Domination

o G, graph of order n > 2. H, graph with root v and at least two
vertices. If v does not belong to any (H)-set or v belongs to every
~v(H)-set, then

(G o H) = my(H).

o G, graph of order n > 2. Then for any graph H with root v and at
least two vertices,

(G o H) € {m(H), n(v(H) = 1) +(G)}.
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Rooted product graphs

Roman domination

o G, graph of order n > 2. Then for any graph H with root v and at
least two vertices,

n(yr(H) = 1) +v(G) < vr(G o H) < nygr(H).
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Rooted product graphs

Roman domination

o G, graph of order n > 2. Then for any graph H with root v and at
least two vertices,

n(yr(H) = 1) +v(G) < vr(G o H) < nygr(H).

Tightness of the bounds

o If for every vgr(H)-function f = (By, B1, By) is satisfied that
f(v) =0, then
’)/R(G o H) = n'yR(H).
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Rooted product graphs

Roman domination

o G, graph of order n > 2. Then for any graph H with root v and at
least two vertices,

n(yr(H) = 1) +v(G) < vr(G o H) < nygr(H).

Tightness of the bounds

o If for every vgr(H)-function f = (By, B1, By) is satisfied that
f(v) =0, then
’)/R(G o H) = n'yR(H).

o If there exist two yg(H)-functions h = (By, B1, B>) and
W = (B}, By, By) such that h(v) =1 and H'(v) = 2, then
YR(G o H) = n(yr(H) — 1) ++(G).
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vertices.

o G, graph of order n > 2 and H, graph with root v and at least two
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Rooted product graphs

o G, graph of order n > 2 and H, graph with root v and at least two
vertices.

o If for every ygr(H)-function f is satisfied that f(v) = 1, then

YR(G o H) = n(vg(H) — 1) + 7r(G).
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