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Zj.-linear codes

o (' is a Zy-linear code; that is, C is an additive subgroup of Zj.
@ The dual of acode Cis C+ ={w € Zy |w-v =0, Vv e C}.

@ The code is said to be self-dual if it is equal to its dual and
self-orthogonal if it is contained in its dual.



Introduction Rectangular association schemes Self-dual codes from rectangular association schemes Future Work Bibliography

[¢] lelele} oo 00000000

Association Schemes

@ Let X be a finite set, | X| = v. Let R; be a subset of X x X,
VieZ=1{0,...,d},d>0, R={Ri},c7
e We say that (X, R) is a d-class association scheme if the
following properties are satisfied:
(i) Ro ={(z,z):x € X} is the identity relation.
(ii) Va,y € X, 34 € T such that (z,y) € R; for exactly one i.
(i) Vi€ Z, 34 €T such that R! = R/, where

R ={(z,y) : (y,2) € Ri}.
(iv) If (z,y) € Ry, the number of z € X such that (z,z) € R; and

(2,y) € R; is a constant p;.
@ A d-class association scheme with d < 4 is always
commutative, [1], meaning that pfj = p?l forall i,5,k € T.

41 D.G. Higman.
Coherent Configurations.
Geom.Dedicata, vol. 4, pp. 1-32, (1975).
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@ The adjacency matrix A; for the relation R;, i € Z is:

) _ 17 Zf (flf,y) € Ria
(Aiday = { 0, otherwise.

@ The conditions (7)-(iv) in the definition of (X, R) are
equivalent to:
(i) Ao = I (the identity matrix).
(i) > ,ez As = J (the all-ones matrix).
(i) Vi€ Z,3i €I, such that A; = Al,.
(IV) VZ,] IS AZA] = kgzpfj/lk.

o If the association scheme is symmetric, then A; = A, for all

1 €L
o If the association scheme is commutative, then A;A; = A;A;,

forall i, € Z.
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3-class association schemes and self-dual codes

@ Let (X,R) be a 3-class association scheme.

@ The adjacency matrix for Ry is I and the adjacency matrices
of Ry, Ry and R3 are Ay, Ay and J — 1 — A1 — Ao,
respectively.

Lemma
If (X, R) is a 3-class association scheme then the following
equations hold:
(I) AlJ = JA1 :p(lJlJ, A2J = JAQ :ngJ.
(i) A1Az = AgAy = pQsT + p1aAy + plaAs +pfy (J — T — Ay — Ag).

Note that the number of ones per row (or column) in Ay is p(l)l, Ao
is p9y and Az is pds.
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e For arbitrary values of 7, s,t,u € Zj,
Q(r,s,t,u) = rAg+sA; +tAz +uAs
= (r—wl+(s—u) A+ (t—u)As+ ul.

@ The generator matrix for a code generated using pure
construction is

P(rys,t,u) = (1| Q(r,s,t,u)).

@ The generator matrix for a code generated using bordered
construction is

1 ]0...0[a| 1..1

0 c

B(r,s,t,u) = : 7 Qs tu)

0 c

e We write Q, P and B for Q (r, s,t,u), P (r,s,t,u) and
B(r,s,t,u).
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Rectangular association schemes

Definition
Consider two sets A and B with |4A| =n > 2 and |B| =m > 2. Let
X = A x B and define the binary relations over X:

Ro = {((z,y),(z,y)) € X?};
Ri={((zy),(x,9) € X*|y #y'}

Ry = {((z,y),(«",y) € X*|w #a'};

Rs ={((z,y),(,y)) €X2|x7éa:’andy7éy’}.

(X, R) is a symmetric 3-class association scheme with parameters:

v=nm,p);=m—1;p%=n—1;p3=(m—-1)(n-1);
pli=m—2ps =ply =n—Lipiy=(n—1)(m—2);
Pis =p3 =m—Lip3 =n—2p3; = (n—2) (m—1);
P?2 :pgl :1;19:3),1 :p% =m—2;

Pas =p3p =n—2=pi=(n—2)(m—-2);

and pfj =0, for all other cases.




If (X,R) is a n X m symmetric rectangular association scheme,
then the following equations hold:

(I) A1J=JA1 = (m—l)J, A2J=JA2 = (n—l)J,
J2 :n2m2J,'

(i) 2=m-1)I+(m—-2)A1;, A3=(n—-1)I+ (n—2)Ay;
(i) A1ds = AsAy = Ay = J — 1 — Aj — Ao,

DA
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Self-dual codes from rectangular association schemes

@ The case of binary self-dual codes from non-symmetric 3-class
association schemes was studied in [1].

@ For the symmetric case the number of conditions and
equations increase.

@ We limit ourselves to the rectangular association scheme
nxm (n,m > 2).

@ M. Bilal, J. Borges, S. T. Dougherty, C. Fernandez-Cérdoba.
Binary Self-dual codes from 3-class association schemes.

Il International Castle Meeting on Coding Theory and Applications,
UAB vol. 5, pp: 59 - 64.UAB- (September 2011). ISBN:
978-84-490-2688-1.
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@ For a code generated by P to be self-dual we need

I1QU]Q) =0.

Namely, we need QQ! = —1.

@ For the code generated by B to be self-dual we need the
following:

14 a? +vb* = 0; (1)
ac+b(r+ sk +tk +u(v — 2k — 1)) = 0; (2)
I+27+QQ" =o. (3)



Let p=r—wu, 0 =s—wuand 7 =t —u. We can write Equation

QQ' = Q% as

Q* = [p° ) +7*(n—1)—207]I

[2,00 +0%(m—2)— 207| Ay

(207 + % (n—2)— 207| Ay

[u[2p+20 (m — 1) + 27 (n — 1) + un®m?] + 207] J.

(4)

+
+
_|_

u]
8]

1

n
it
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For the code generated by P to be self-orthogonal we need

PP’ (m=1)+7%(n—1)

200 + o (m — 2) 0,

207 + 7% (n —2) — 207 = 0,
ul2p+20(m—1)+27(n—1)+un’m?] + 207 = 0

— 207 = -1,

— 20T =

u]
8]
1
n
it
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For a code generated by B to be self-orthogonal, along with
Equations (1) and (2), we need

pPProi(m—1)+72(n—-1)—201 = -1,
2p0 + 0 (m 2) =201 = 0
207 + 7% (n —2) — 207 = 0;
u[2p+20( —1)+21(n-1) —|—un2m2} +207 = -
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Theorem

Let C be a code generated from a n x m rectangular association
scheme over Zy, by using the pure or the bordered construction.

Let k = 2%0pT* ... p®" be the prime factor decomposition of k. If
C is a self-dual code, then

ap<1l and p;=1 (mod4) Vi=1,...,r. (7)

Moreover, if (7) is satisfied, then there exist values of n and m
such that C is a self-dual code.

<

There exists a self-dual code over Zj, from 3-class rectangular
association scheme when k = 2,5,10, 13,17, 25, 26, . ..
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For n = 2 and m = 6. The adjacency matrices are:

001 111100000 0]
101 11 1000O0TUO00
11011 100O0O0O00
111 011000O0O00
111 10100O0O0O00
1111 10000O0O0O00

Ado=LA=1g500000011111]
0 000O0OOT1O0T1T1T1:1
0 000O0OOT1T1HUO0OT1TT1I:1
0 000O0OOT1T1T1TO0OT1IS1
0 000O0OOT1T1T1T1O01
0 000O0OOT1T1T1T1T1TFPO

u]
8]
I
i
it
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The code C' generated by P, with Q = 21 + 4A,, is a self-dual
code over Zs.

We can generate two self-dual codes over Zs with B, using

Q =21 +4A; with a =2 (mod 5) or a =3 (mod 5) along with
b=c=0 (mod 5).
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Future Work

We have generated binary self-dual codes from 3-class association
schemes, BDF11, and we have also generated self-dual codes over
Zy, from 3-class association schemes.

@ We want to generate self-dual codes from Hamming and
Johnson 3-class association schemes over Zj.
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