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Notations and basic results

I'=(V,c) network

F proper subset of V, 0(F') boundary of F'

L:C(F) — C(F) Laplacianof ' € C(F)
zeF  ~  L{u)() =) czy)(ulz) - uly)

yeF

z€(F) ~  L(u)(z) =Y c(z,y)(u(z) - u(y))

yer
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Notations and basic results

I'=(V,c) network
F proper subset of V, 0(F') boundary of F'

L:C(F) — C(F) Laplacianof ' € C(F)

zeF > L)(e)=) cx,y) (uz) —uy))

yeF
v ed(F) L)) = Y elay)(ule) ~ul)) = o (a)
yer F

normal derivative
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Ly(u) = L(u) +qu Schrodinger operator of I'

w€C(F) weighton ' & ZwQ(x) = 1l
zel

g = —w 1L(w) Potential given by w

Lemma (Bendito, Carmona, Encinas 2005)
Ly positive definite on C(F) < there exists a weight w such that q > qu

~~ We work with potentials of the form ¢ = ¢, + A\, where A > 0
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Product networks
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Product networks - vertices

V() = {a1,

1
1Ty
Iy

(UPC)

Green function on product networks



Product networks - vertices

V() = {a1,

STy
V() ={=
Iy
1'7

V(Fl X FQ) = V(Fl) X V(FQ)
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Product networks - conductances

Iy

o

c’s
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Product networks - conductances

Pl X PQ
c’s
a(zh,a) fi=k
(i, m) = cz(z?.,zi) ifl=j
0
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Product networks - interior and boundary sets
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Product networks - interior and boundary sets
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Product networks - functions

r, up € C(V(I'))

F1XP2

uz € C(V(I2))

[’y
us(2?) = b »
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Product networks - functions

r, up € C(V(I'))

F1XP2

uz € C(V(I2))

(u1 @ ug)(zj) = u1(¢]1) us(2?) = ab

Uy @ ug € C(V(Fl X FQ))
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Product networks - functions

Y Remark
Given two weights wy € C(Fy) and we € C(F3) then

w1 @ wa
is a weight on F.
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Product networks - functions

Y Remark
Given two weights wy € C(Fy) and we € C(F3) then

w1 ® wo

is a weight on F.

(s Vesm :C(F3) x C(F3) — R inner product w. r. to wy € C(F3)

Uz, V2 € C(Fg) A UQ,UQ Z’UQ WQ( 2)
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Product networks - eigenvalues on I’

Lemma

Given an orthonormal basis {¢,}"2" on C(Fy) w.r. tows and f € (F)
then

m—1

1=3 00 (56 =3 stewontetionted) v 1)
r=2 s=1
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Product networks - eigenvalues on I’y

Lemma

Given an orthonormal basis {¢,}"2" on C(Fy) w.r. tows and f € (F)
then

m—1 m
f = Z fr®¢7‘ (fy Zf Ljs 0)7 (.’IJE) V’I’]l ~ F1>

r=2

In addition, f =g < f, =g, forallr=2,... . m—1
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Product networks - eigenvalues on I’y

Lemma (Bendito, Carmona, Encinas 2005)
There exists a set of real values Ay < ... < \,,—1 and an orthonormal
basis {¢,} 5! C C(Fy) w.r. towy s.t.

o L2 () = \r¢pr on > and d’r(x%) = ¢T($$n) =0

quo
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Lemma (Bendito, Carmona, Encinas 2005)

There exists a set of real values Ay < ... < \,,—1 and an orthonormal
basis {¢,} 5! C C(Fy) w.r. towy s.t.

o L2 (¢r) =N\ on Fp and d),«(w%) = ¢.(22,) =0

quo

e 11 € R eigenvalue of!i?]w2 = u =M\, forsomer € {2,...,m—1}
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Product networks - eigenvalues on I’y

Lemma (Bendito, Carmona, Encinas 2005)
There exists a set of real values Ay < ... < \,,—1 and an orthonormal
basis {¢,} 5! C C(Fy) w.r. towy s.t.

o L2 (¢r) =N\ on Fp and d)r(w%) = ¢.(22,) =0

quo

e 1 € R eigenvalue of!i?]w2 = u =M\, forsomer € {2,...,m—1}

m—1

° ‘ngz (’1)2) = Z )\r<v2a ¢r>w2¢7"

=
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Green operator on product networks
wy weight on F7,

wo weight on Fy

we assume to know

P

the Green functions on I'y
with respect to wq

and a real positive value
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we assume to know

Iy

the Green functions on I'y
with respect to wq

and a real positive value
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wo weight on Fy

Ag < . < A\pu—1 eigenvalues and
1. . . c 2
{¢r}7<y eigenfunctions of L
o
&r(77)

with
= ¢.(22,) = 0 forming an
!

orthonormal basis on C(Fy)
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e € F

interior vertex of the product network
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Green operator on product networks

x € F' interior vertex of the product network
A > 0 real value
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Green operator on product networks

x; € F interior vertex of the product network

A > 0 real value

Proposition (Bendito, Carmona, Encinas 2005)

The boundary-value problem on the product network
Ly(u) =€y, onF
u=0 on §(F)

has a unique solution, known as the Green operator with pole on xy.

U= gfI(ngk)
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Green operator on product networks

Gy(z,z15) = Gy(ezy,)(x) for all x € F Green kernel
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Green operator on product networks

Gy(z,z15) = Gy(ezy,)(x) for all x € F Green kernel

Proposition

The Schrodinger operator of the product network can be written in terms
of its factors as

Lo(ur ® ua)(@ss) = (£, (wr) © w2 ) () + (w1 © L2, (u) ) (@)

where ¢ = Qu 0w, + A and ¢ = qu,; + A
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Green operator on product networks

Theorem

The solution of problem
Ly(u) =€y, onF

u=0 on §(F)

is given by
m—1
U= Z U @ ¢, onF
r=2
where ur(a:]l) = d)r(a:k)wg(:vi)(?}h(z:}, vl)and gr =g+ A+ A
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Green operator on product networks

Theorem

The solution of problem
Ly(u) =€y, onF
u=0 on §(F)

is given by

Therefore,

m—1

Golwsi, o) = wa(7}) Y dr(@f) e ()G, (2], 7))

=2
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Spider networks

circle 1

circle ¢

circle m
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Spider networks

product network spider network

circle 1

circle ¢

circle m
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Spider networks - interior and boundary
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Spider networks - conductances and functions

conductances remain
the same

as in the product
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Spider networks - conductances and functions

a function ug € C(Fs) on the spider

can be adapted as a function u € C(F)
on the product by taking the same

values on F\ {z5} and
u(zj1) = us(xs,) on Hy
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Spider networks - conductances and functions

a function ug € C(Fs) on the spider

can be adapted as a function u € C(F)
on the product by taking the same

values on F\ {z5} and
u(zj1) = us(xs,) on Hy

Q a weight wg in Fg
)
does not adapt as a
weight on the product!
We take o s. t.
w=o0won I

is a weight on the product
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Green operator on spider networks

wg weight on F'g, A\ > 0 real value
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Green operator on spider networks

wg weight on F'g, A\ > 0 real value

Proposition
Schrédinger operator in terms of a product network

E§S (us) = ﬁq(u) on Fg \ {xgo}
Eé’; (US)(xgo) = ( w(xn) XZ: c(x1, To2)w (%2)) u(ry1)
= el w)u(ze)

where g5 = qug + A and ¢ = gz + A
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Green operator on spider networks

wi € Fg interior vertex of the spider network
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Green operator on spider networks

x5 € Fg interior vertex of the spider network

Proposition

The boundary-value problem on the spider network
Egs (ug) = €5 on Fyg
us = 0 on § (F S)

has a unique solution, known as the Green operator of the spider network
with pole on xyy,
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Green operator on spider networks
xlsk € Fg interior vertex of the spider network

Proposition

The boundary-value problem on the spider network
Egs (ug) = €y5 ON Fg
us =0 on §(Fs)

It is given by

n
us = QQ(UXF) +o Z C('Ttl? xt?)gq(gxﬁ) + OX my
=l

on F'g, where a is a constant.
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