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Fx .y :Homg (X,Y)— Hom, (FX,FY): f— Ff

Recall that F is called separable (see [NVV]) if it is a split natural
monomorphism i.e. there is a natural transformation

P__ = va_ :Hom,, (F—,F—) — Homg (—,—)

such that
Px.y o Fx y =1d for every X, Y € 4.

8 [NVV] C. Nist¥sescu, M. Van den Bergh, F. Van Oystaeyen, Separable
functors applied to graded rings. J. Algebra 123 (1989), no. 2,
397-413.
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We say that F is an heavily separable functor (h-separable for short) if
it is separable and the Px y's make commutative the following diagram for
every X,Y,Z € A.

Px,yxPy z

Hom,, (FX,FY) xHom, (FY,FZ) Homg (X, Y) xHomg (Y, 2)

O\L - i/o

Hom,, (FX,FZ) Homgy (X, Z)

where the vertical arrows are the obvious compositions. On elements the
above diagram means that

Px.z(fog)= Py z(f)oPx y(g).

REMARK

We were tempted to use the word "strongly" at first, instead of "heavily",
but a notion of "strongly separable functor" already appeared in the
literature in connection with graded rings in [CGN, Definition 3.1].

[§ F. Castafio Iglesias, J. Gémez Torrecillas, C. Nistisescu, Separable
functors in graded rings. J. Pure Appl. Algebra 127 (1998), no. 3,
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In fact, if F: % — & is full and faithful, we have that the canonical map

Fx y :Homg(X,Y)— Hom, (FX,FY)
is invertible so that we can take
Px.y := Fxy : Hom, (FX,FY) — Homg (X, Y).
Since F is a functor, the following diagram commutes

Fx,yxFy z

Homg (X,Y) xHomg(Y,Z) —— Hom,, (FX,FY) xHom, (FY,FZ)

oi/ - \Lo

Homgy (X, Z2) Hom,, (FX,FZ)

Reversing the horizontal arrows we obtain that F h-separable.
We now recall the well-known:
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RAFAEL THEOREM [Ra, Theorem 1.2].
Let (L,R,n,¢€) be an adjunction where L: % — o7
1) L is separable if and only 1 is a split mono, i.e. if there is a natural
transformation y: RL — Id such that yon =1d.
2) R is separable if and only if € is a split epi, i.e. if there is a natural
transformation 6 : Id,;, — LR such that €06 = 1d.

[ M. D. Rafael, Separable Functors Revisited, Comm. Algebra 18
(1990), 1445-1459.

"Created during the algebra seminar of F. Van Oystaeyen at Cortona

(Italy), Summer 1988 and it is based upon contributions from the following

members of M. D. Rafael :

M. Saorin (Univ. de Murcia, Spain)

D. Herbera (Univ. Autonoma de Barcelona, Spain)

R. Colpi (Univ. di Padova, Italy)

A. Del Rio Mateos (Univ. de Murcia, Spain)

F. Van Oystaeyen (UIA, University of Antwerp, Belgium)

A. Giaquinta (Univ. of Pennsylvania, USA)

E. Gregorio (Univ. di Padova, Italy)
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h-version of RAFAEL THEOREM
Let (L,R,n,¢€) be an adjunction with L: % — .

a) L is h-separable < there is a natural transformation
Y:RL—1dg
such that
yon =1d
and
YoRLy=17yoRel.

b) R is h-separable < there is a natural transformation
o Id, — LR

such that
€od=1d

and

LR6od =LnRoJ.
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Associated to any adjoint pair of functors
(L: B — o, R: o/ — P) we have a canonical monad namely

where
e 1 :Idy — RL is the unit of the adjunction
@ £:LR —1d, is the counit of the adjunction.

Denote by g, % the category of algebras over this monad.
We have a commutative diagram

B rLU oL B

where
@ g U is the forgetful functor: g U(A, 1) := A and g Uf :=f.
e K is comparison functor: KA:= (RA,ReA) and Kf := Rf.
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PROPOSITION
Let (L,R) be an adjunction.

1)

L is h-separable < U : gt & — A is a split natural epimorphism

i.e. there is
[: B — g% such that Uol =Idgy.

R is h-separable < U: 2R — % is a split natural epimorphism

i.e. there is
[:%B— B such that Uol =1d.

Here %R denotes the Eilenberg-Moore category of the comonad
(LR,LnR,¢).
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REMARK
Later we will use 1) of this Corollary to obtain that the tensor algebra
functor

T4 — Alg(A)

is separable but not h-separable.
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B [LMW] M. Livernet, B. Mesablishvili, R. Wisbauer, Generalised
bialgebras and entwined monads and comonads. J. Pure Appl. Algebra
219 (2015), no. 8, 3263-3278.
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Let (L,R,n,¢€) be an adjunction with L: 2 — <.

a) L is h-separable < the monad (RL,ReL,n) has an augmentation.

b) R is h-separable < the comonad (LR,LnR,€) has a grouplike
morphism.
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& € has an invariant group-like element.

B [Br] T. Brzeziniski, The structure of corings: induction functors,
Maschke-type theorem, and Frobenius and Galois-type properties.
Algebr. Represent. Theory 5 (2002), no. 4, 389-410.
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pPs:S—>E®sS

then
g =ps(1ls) is a group-like element of %

Conversely if g is a group-like element of %,
then S is a left ¥-comodule via

Ps : S — C®sS
s = (s-g)®sls

Moreover, if g is a group-like element of &, then by [Br, page 404],

g is an invariant element of ¢ < S =5%% = {sc S|sg=gs}.

C. Menini (University of Ferrara) May 10, 2019
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© The map ¢ is a ring epimorphism (i.e. an epimorphism in the category
of rings);

@ the multiplication m: S®gr S — S is invertible;

© 1s®g1s is a separability idempotent for S/R;

Q s®rls=15R®prs for every s € S;

O 1ls®g1ls is a h-separability idempotent for S/R.

If these equivalent conditions hold true then S/R is h-separable.
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[§ [St] B. Stenstrom, Rings of quotients Die Grundlehren der
Mathematischen Wissenschaften, Band 217. An introduction to
methods of ring theory. Springer-Verlag, New York-Heidelberg, 1975.
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It is well-known that the ring of matrices is separable,
see e.g. [DI, Example I, page 41].
In contrast to this we prove:

M, (R)/R h-separable= n=1.

E [DI] F. DeMeyer, E. Ingraham, Separable algebras over commutative
rings. Lecture Notes in Mathematics, Vol. 181 Springer-Verlag,
Berlin-New York 1971
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Moreover if one of these conditions holds, then 'S is commutative.

C. Menini (University of Ferrara) May 10, 2019



Proof




Proof
(1)=(2)

C. Menini (University of Ferrara) May 10, 2019 32/43



Proof
(1)= (2) Let Y, a; ®r b; be an h-separability idempotent.

C. Menini (University of Ferrara) May 10, 2019 32/43



Proof

1) = (2

) Let ¥;a; ®g b; be an h-separability idempotent. Since
¢(R)SZ(S

);

C. Menini (University of Ferrara) May 10, 2019 32/43



Proof

(1) = (2) Let ¥; a; ®r b; be an h-separability idempotent. Since
(p(R) - Z(S)7 the map 7: AQr A — A®RA,’L’(8®R[J) =b®ra,is
well-defined and left R-linear.

C. Menini (University of Ferrara) May 10, 2019 32/43



Proof

(1) = (2) Let ¥; a; ®r b; be an h-separability idempotent. Since

(p(R) - Z(S)7 the map 7: AQr A — A®RA,’L’(8®Rb) =b®ra,is
well-defined and left R-linear. Hence we can apply (m®g S) o (A®g 1)

C. Menini (University of Ferrara) May 10, 2019 32/43



Proof
(1) = (2) Let ¥; a; ®r b; be an h-separability idempotent. Since
(p(R) - Z(S)7 the map 7: AQr A — A®RA,T(8®Rb) =b®ra,is
well-defined and left R-linear. Hence we can apply (m®g S) o (A®g 1)
on both sides of
Zat®Rbtaj®ij:Zaj®R15®ij (1)
Jit J

C. Menini (University of Ferrara) May 10, 2019 32/43



Proof
(1) = (2) Let ¥; a; ®r b; be an h-separability idempotent. Since
(p(R) - Z(S)7 the map 7: AQr A — A®RA,T(8®Rb) =b®ra,is
well-defined and left R-linear. Hence we can apply (m®g S) o (A®g 1)
on both sides of
Zat®Rbtaj®ij:Zaj®R15®ij (1)
Jit J

together with the equality };a;b; =1

C. Menini (University of Ferrara) May 10, 2019 32/43



Proof

(1) = (2) Let ¥; a; ®r b; be an h-separability idempotent. Since

(p(R) - Z(S)7 the map 7: AQr A — A®RA,T(8®Rb) =b®ra,is
well-defined and left R-linear. Hence we can apply (m®g S) o (A®g 1)
on both sides of

Y a:®rbraj@r bj =Y aj®r 1s QR bj (1)
Jit J
together with the equality Y ;a;b; =1 to get
Zatbj@)Rbtaj:ls@Rls. (2)
tj

C. Menini (University of Ferrara) May 10, 2019



Proof

(1) = (2) Let ¥; a; ®r b; be an h-separability idempotent. Since

(p(R) - Z(S)7 the map 7: AQr A — A®RA,T(8®Rb) =b®ra,is
well-defined and left R-linear. Hence we can apply (m®g S) o (A®g 1)
on both sides of

Y a:®rbraj@r bj =Y aj®r 1s QR bj (1)
Jit J
together with the equality Y ;a;b; =1 to get
Zatbj@)Rbtaj:ls@Rls. (2)
tj

By Y ;sa; ®g bi =Y ;a; ®g bis and using T

C. Menini (University of Ferrara) May 10, 2019



Proof

(1) = (2) Let ¥; a; ®r b; be an h-separability idempotent. Since

(p(R) - Z(S), the map 7: AQr A — A®RA,T(8®Rb) =b®ra,is
well-defined and left R-linear. Hence we can apply (m®g S) o (A®g 1)
on both sides of

Y a:®rbraj@r bj =Y aj®r 1s QR bj (1)
Jit J
together with the equality Y ;a;b; =1 to get
Zatbj@)Rbtaj:ls@Rls. (2)
tj

By Y;sai ®gr bj =Y ;a; ®r bjs and using T we get that ¥, a;sb; € Z(S), for
all seS.

C. Menini (University of Ferrara) May 10, 2019 32/43



Proof

(1) = (2) Let ¥; a; ®r b; be an h-separability idempotent. Since

(p(R) - Z(S), the map 7: AQr A — A®RA,T(8®Rb) =b®ra,is
well-defined and left R-linear. Hence we can apply (m®g S) o (A®g 1)
on both sides of

Y a:®rbraj@r bj =Y aj®r 1s QR bj (1)
Jit J
together with the equality Y ;a;b; =1 to get
Zatbj@)Rbtaj:ls@Rls. (2)
tj

By Y;sai ®gr bj =Y ;a; ®r bjs and using T we get that ¥, a;sb; € Z(S), for
all s € S. Using this fact we have

C. Menini (University of Ferrara) May 10, 2019 32/43



Proof

(1) = (2) Let ¥; a; ®r b; be an h-separability idempotent. Since

(p(R) - Z(S), the map 7: AQr A — A®RA,T(8®Rb) =b®ra,is
well-defined and left R-linear. Hence we can apply (m®g S) o (A®g 1)
on both sides of

Zat®Rbtaj®Rb _Zaj®R15®Rb (1)
Jit J
together with the equality Y ;a;b; =1 to get
Zatbj®Rbtaj:15®R15. (2)
tj

By Y;sai ®gr bj =Y ;a; ®r bjs and using T we get that ¥, a;sb; € Z(S), for
all s € S. Using this fact we have

sS= 15 . 15 ) (i) Za,-bjb,-ajs = Za,- (bj) b,' (aj)S(ls) (1:) Z a,-bjb,-atsbtaj
ij ij ij,t

_Zabb (agsbe) aj = Zabbaj(atsbt 2)Zatsbt€Z(S).
it ij,t t

C. Menini (University of Ferrara) May 10, 2019 32/43



Proof

(1) = (2) Let ¥; a; ®r b; be an h-separability idempotent. Since

(p(R) - Z(S), the map 7: AQr A — A®RA,T(8®Rb) =b®ra,is
well-defined and left R-linear. Hence we can apply (m®g S) o (A®g 1)
on both sides of

Zat®Rbtaj®Rb _Zaj®R15®Rb (1)
Jit J
together with the equality Y ;a;b; =1 to get
Zatbj®Rbtaj:15®R15. (2)
tj

By Y;sai ®gr bj =Y ;a; ®r bjs and using T we get that ¥, a;sb; € Z(S), for
all s € S. Using this fact we have
sS= 15 . 15 ) (i) Za,-bjb,-ajs = Za,- (bj) b,' (aj)S(ls) (1:) Z a,-bjb,-atsbtaj
i i igit
= Z ajbjbj(arsbt) aj = Z ajbjbja;j(a;sby) 2)Zat5bt eZ(S).
it ij,t t
We have so proved that S C Z(S) and hence S is commutative.

C. Menini (University of Ferrara) May 10, 2019 32/43



Now, we compute

s=2(s 2
Y ai®rbi=Y aiajbj®r b; 2 Y ajaibj@rbi =Y aibj®rbjaj D 1s0rls
i i i i

We conclude by previous Proposition.
(2) = (1) It follows by previous Proposition.

May 10, 2019
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Proposition

Let A be a h-separable algebra over a field k.

Then either A=k or A=0.

Proof

By previous Theorem, the unit u:k — A is a ring epimorphism. By
previous Proposition, we have that A®y A= A via multiplication. Since A
is h-separable over k it is in particular separable over k and hence it is
finite-dimensional. Thus, from A®) A= A we deduce that A has either
dimensional one or zero over k.
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Let us consider the adjunction
(T,9)

where

T :.# — Alg(.#) is the tensor algebra functor

and
Q: Alg(.#) — A is the forgetful functor.

Let V € .. By construction
QTV = ®pen VO

Denote by
o,V : VE" 5 QTV the canonical inclusion.

The unit of the adjunction (T,Q) is

n:1d, — QT defined by nV :=0q V
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while the counit € : TQ — Id is uniquely defined by the equality
Qe (A, m,u)oo,A=m""! for every n€ N

where m"~1 : A®" s A denotes the iterated multiplication of an algebra
(A, m,u) defined by

mt =u,m’=1Id, and for

n>2,m" ' =mo(m"?®A).
See [AM1, Remark 1.2].

E [AM1]A. Ardizzoni and C. Menini, Adjunctions and Braided Objects, J.
Algebra Appl. 13(06) (2014), 1450019 (47 pages).
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It is proved that Q is strictly monadic i.e. the comparison functor
Q; : Alg(A) — A is a category isomorphism,

see [AM2, Theorem A.6].
Since the functor € is strictly monadic, by the foregoing, we have that

T is heavily separable if and only if
Q : Alg(#)— A is a split natural epimorphism.

But this is not the case. This happens only if all objects are
isomorphic to the unit object 1,

8 [AM2]A. Ardizzoni and C. Menini, Milnor-Moore Categories and
Monadic Decomposition, J. Algebra 448 (2016), 488-563.
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For every V € ., there is a unique morphism
oV . QTV =V

such that
oVoo,V = 5n,1IdV-

This yields a natural transformation
®:QT —1d 4, "the projection at degree one functor".
Since n = o, we obtain that

won=1Id,
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so that the functor
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Conclusion: the tensor functor
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so that the functor
T :.# — Alg(.#) is separable.
Conclusion: the tensor functor
T :.# — Alg(#) is separable but not heavily separable.
As a particular case, we get that the functor T : Vecy — Algy, is separable

but not heavily separable.
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On the other hand, in view of the assumptions above, we can apply [AM1,
Theorem 4.6] to give an explicit description of an adjunction
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where

and
P : Bialg(.#) — . is the "primitive elements functor".
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On the other hand, in view of the assumptions above, we can apply [AM1,
Theorem 4.6] to give an explicit description of an adjunction

()

T : .4 — Bialg(.#) is the "tensor bialgebra functor"

where

and
P : Bialg(.#) — . is the "primitive elements functor".

For any B := (B, mg,ug,Ap,€g) € Bialg(.#), P(B) is defined via the
equalizer

A
B ° BwB

(Boup)rg*+(ug®B)lg*

P(B)

Let
7N and € denote the unit and the counit of this adjunction.

[§ [AM1] A. Ardizzoni and C. Menini, Adjunctions and Braided Objects,
J. Algebra Appl. 13(06) (2014), 1450019 (47 pages).
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Set

y=0okT :PT —>1dy

the restriction to PT of "the projection at degree one"
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Set

y:=wolT:PT —>1dy

the restriction to PT of "the projection at degree one"
Then
yon =1Id and yy= Yo PET

ie. T is heavily separable via 7.
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